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UNIT IV

1 The input (or Arrival Pattern)

(a) Basic Queueing Process:
Since the customers arrive in a random fashion. Therefore their arrival
pattern can be described in terms of Prob. We assume that they arrive according to a
Poisson Process i.e., the no f units arriving until any specific time has a Poisson
distribution. This is the case where arrivals to the queueing systems occur at random, but
at a certain average rate.
(b) Queue (or) Waiting Line

(c) Queue Discipline

It refers to the manner in which the members in a queue are choosen for
service

Example:

I. First Come First Served (FIFS) (or)




First In First Out (FIFO)
Ii. Last Come, First Served (LCFS)

Iii. Service In Random Order (SIRO)
Iv. General Service Discipline (GD)
1.1 TRANSIENT STATE

A Queueing system is said to be in transient state when its operating
characteristics are dependent on time. A queueing system is in transient system when the
Prob. distribution of arrivals waiting time & servicing time of the customers are
dependent.

1.2 STEADY STATE:

If the operating characteristics become independent of time, the queueing
system is said to be in a steady state. Thus a queueing system acquires steady state, when
the Prob. distribution of arrivals are independent of time. This state occurs in the long run
of the system.

2 TYPES OF QUEUEING MODELS
There are several types of queueing models. Some of them are

1. Single Queue - Single Server Point
2. Multiple Queue - Multiple Server Point
3. Simple Queue - Multiple Server Point
4, Multiple Queue - Single Server Point
5. The most common case of queueing models is the single channel waiting
line.
Note

P = Traffic intensity or utilization factor which represents the proportion of time the
servers are busy = A/4.

Characteristics of Model |
1)Expected no. of customers in the system is given by

2020-2021 2 Jeppiaar Institute of Technology




Ls(or) E(n) = B

2)Expected (or avg) queue length (or) expected no. of customer waiting in the queue is
given by

-

l_

L =——
" u(u-2)
3) Expected (or avg.) waiting time of customer in the queue is given by
Lq
Wq = T

5) Expected (or avg.) waiting time in the queue for busy system
W = Expected waiting time of a customer in the queue
L

Prob. (System being busy)

(or)
1

W, =
b p_)\.

6) Prob. Of k or more customers in the system

P(n2k)=(%)k; P(n>k)=(%)k=l

7) The variance (fluction) of queue length

ar(n)= Al
Var(n) = b

8) Expected no. of customers served per busy

Period L, = i
l.l e }\.
9) Prob. Of arrivals during the service time of any given customer

P[X=f]=(kip][(7htu)

10) Prob. Density function of waiting time (excluding service) distribution

= k(l— y )e*"*”‘

11) Prob. Density function of waiting + service time distribution




= (},l ] x)e-(l‘-’-)'
12) Prob. Of queue length being greater than on equal to n
-(4)
L
13) Avg waiting time in non-empty queue (avg waiting time of an arrival Wh waits)

W= L
p=2
14) Avg length of non-empty queue

(Length of queue that is formed from time to time) =

3 Littles' Formulae

We observe that LS = AWS, Lg =AWq & WS = Wq + 1/p and these are

called Little's Formulae
3.1 Model I: (M/M/1)" («/FCFS)

A TV repairman finds that the time spend on his job has an exponential
distribution with mean 30 minutes. If the repair sets in the order in which they came in
and if the arrival of sets is approximately Poisson with an avg. rate of 10 per 8 hours day,
what is the repairman’s expected idle time each day? How many jobs are ahead of avg. set

just brought?

It is (M/M/1): («</FSFC) Problem
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10 1

Here A = = — set / minute and
8x60 48

p= 3— set /minute

A

Prob. that there is no unit in the system P, =1—-—

11
=1-5/=-3
1-%=2%
Repairman's expected 1dle time in 8 hours day

=nP, = 8x%= 3 hours
Expected avg. no. of jobs (or) Avg. no. of TV sets in the system.

A
L = MTX
__ N .
T
Example:4.31

In a railway marshalling yard, goods trains arrive at a rate of 30 trains per day.
Assuming that the inter-arrival time follows an exponential distribution and the service
time (tie time taken to hump to train) distribution is also exponential with an avg. of 36
minutes. Calculate

(i) Expected queue size (line length)

(i1) Prob. that the queue size exceeds 10.

If the input of trains increase to an avg. of 33 per day, what will be the change in

(i) & (i)
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30
= — trains per minute.

60x24 48
pn= A 6 trains per minute.
The traffic intensity p = %

=0.75
(1) Expected queue size (line length)
Lq = L or L
TOA=u l-p
0.75 .
= =3 trains
1-0.75

(11) Prob. that the queue size exceeds 10
P[n>10]=p" =(0.75)" = 0.06
Now, if the input increases to 33 trains per day, then we have

30 1

= — trains per minute.

60x24 48
pH= A 6 trains per minute.

The traffic intensity p = A/ = -ix36

H 480
=0.83
Hence, recalculating the value for (1) &(11)
(1) Ly = IL =5 trains (approx)

(ii) P(n>10) = p" = (0.83)"" = 0.2 (approx)

Hence recalculating the values for (1) & (i)
(i) Ls=p/ 1-p=5 trains (approx)
(i) P(n =2 1010)=(0.83)10= 0.p2(approx)
Example:4.3.2
(3) A super market has a single cashier. During the peak hours, customers arrive at
a rate of 20 customers per hour. The average no of customers that can be processed by the
cashier is 24 per hour. Find

(i) The probability that the cashier is idle.

(if) The average no of customers in the queue system
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(iii) The average time a customer spends in the system.
(iv)  The average time a customer spends in queue.

(v) The any time a customer spends in the queue waiting for service
A= 20 customers
p= 24 customers / hour

(i) Prob. That the customer is idle = 1- A/u= 0.167
(if) Average no of customers in the system.

Ls=MNp-A=5
(iii)Average time a customer spends in the system
Ws = Ls / A= ¥ hour = 15 minutes.

(iv)  Average no of customers waiting in the queue Lg = A2 / u(4-A) = 4.167
(v) Average time a customer spends in the queue

Wq = M p(p-A) = 12.5 minutes

4 Model (1V) : (M/M/I) : (N/FCFS)

Single server finite queue model
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Pp=—--— Wherep= 1, p=A/p<1

N+1

I-p
B (1-p)
—+—p', 0<n<N,p#l(h=p)
(1-g™*)

Pa¥ 1

-

p=1 (A=p)

N+1

4.3 CHARACTERISTIC OF MODEL IV

(1) Average no of customers in the system

W (N+1) (W)™
Ls= - , ifA=#p
p-A 1 - ()™
W n K
and L= ——=—q ifA=p
n=0 K+l Z

(2) Average no of customers in the queue
Lg = Ls - (1- p0)
Lg=Ls— ANy, whereA'=p(1-p0)

(3) Average waiting times in the system and in the queue




Ws=Ls/N&Wqg=Lq/AN, AN=p(1-p0)
(4) Consider a single server queuing system with Poisson input, exponential service
times, suppose the mean arrival rate is 3 calling units per hour, the expected service time
Is 0.25 hours and the maximum permissible no calling units in the system is two. Find the

steady state probability distribution of the no of calling units in the system and the
expected no of calling units in the system.

A= 3 units per hour
A= 4 units per hour & N =2

The traffic intensity p= Mu= 0.75
(1-p)p"

Pnz—,p¢1

N+l

=(0.43) (0.75)"

1-p 1-0.75

Po= e =0.431

I=prt (L=075"

The expected no of calling units in the system 1s equation by

(2) Trains arrive at the yard every 15 minutes and the services time is 33
minutes. If the line capacity of the yard is limited to 5 trains, find the probability
that yard is empty and the average no of trains in the system.

A= 1/15 per minute; p= 1/33 per minutes

p=MN p=2.2
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Probability that the yard is empty
p—1  22-1
p.\'+l _1 == (22)6 _l

P, = =1.068% = 0.01068

Average no of trains in the system

L. =3 nP, =P +2P,+3P, +4P, + 5P,

n=0
=P, I:p+2p2 +3p’ +4p’ +5p5]
=422

5 MULTIPLE - CHANNEL QUEUING MODELS
Model V (M /M /C) : ( =/ FCFS)
(Multiple Servers, Unlimited Queue Model)

(MIM/C) (/FCFS) Model
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[EAAT A e ]
Po= n=on!{ p Cllp) \pC=-2a

Characteristic of this model : (M/M/C) : (o/FCFES)

(1) P[n = C] = Probability that an arrival has to wait (busy period)

.
=ip . (A/p) pe =
" Cl(Cu-2) "’

(2) Probability that an arrival enters the service without wait

Cp(A/p)°
] SR E)
Cl(Cu-»n)

(3) Average queue length (or) expected no of customers waiting in the queue 1s

o | A C Ap
Lq'[(C—l)!('“/”) (Cp—x)-’]l}"

(4) Expected no of customers in the system is
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g=1w+£;L,=[ ' (xu99—1£77}3+ﬁ
) (C-D! (Cp—-2n) n

(5) Average time an arrival spends in the system

0 p(r/p) I
J=E—. = - PO S
po (C=DI(Cp-1r) H
(6) Average waiting time of an arrival (expected no of customer spends in the queue
service)
A p)
Wq-’—'h; \Vs =l= u( u) =1,
A p (C-D!I(Cp-21)

(7) Utilization rate p=24/ Cp

(8) The probability there are no customers or units in the system 1s Py

-1
~ Cc-1 I 53 n l C
ie. P = [EO-;!-(A/M) +a()~/p)c (Cutlk)]

(9) The probability that there are n units in the system

)
B
-iT—- if n<C
Pn - n!
k n
BK
%%;F if n>C

Example:4.5.1

(1) A super market has 2 girls running up sales at the counters. If the service time
for each customers is exponential with mean 4 minutes and if people arrive in Poisson
fashion at the rate of 10 an hour.

(a) What is the probability of having to wait for service ?
(b) What is the expected percentage of idle time for each girl.
(c) (c) If the customer has to wait, what is the expected length of his waiting time.

C =2, A= 1/6 per minute p= % per mlnute N Cpu=1/3.
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-1
= N e ¥
PO =[Eom(/\./“) +a()~/“)c C“ﬁ}h]

-1
¢l | g, 1 »  2x1/4
5| Y =@y —
l:&g'on!( T )2x1/4—1/6]

[{(1+2/3}+1/3] =27 =1/2

Po =h& P| = (}Ju) Po =1/3

a)
P[n>2] =3P
C
=M)_H£_PO where C=2
CI(Cp-2)
= 2312 oy 0167
201/2-1/6)

.". Probability of having to wait for service = 0.167
b) Expand idle time for each girl =1-NCu
=1-1/3=2/3=0.67=67%

Expected length of customers waiting time

1
— Cp—2a

= 3 minutes

Example:4.5.2

There are 3 typists in an office. Each typist can type an average of 6 letters per hour. If
letters arrive for being typed at the rate of 15 letters per hour, what fraction of time all
the typists will be busy ? what is the average no of letters waiting to be typed ?
Here C = 3; A= 15 per hour; pu= 6 per hour
P[all the 3 typists busy] = p[n = m]

Where n = no. of customer in the system
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(A/p)“Cu
—___..—'PO
Cl[(n—2)]

. -1
=[|+2_5+ (2.5) +%<2.5)3 [—'8 H

P[n>C]=

2! 1815
= 0.0449

_(2.5)'(18)

P[x23] S31(18-15)

(0.0449)

=0.7016
=0.7016

Average no of letters waiting to be typed

Lq = : (ﬁJ _AH ,:|P0
(C-Dip) (Cu—-2)

= M}(omw)
| 21(18—-15)’

= 3.5078

6 Model VI : (M/M/C) : (N / FCFS)

(Multiple Server, Limited Curved Model)
n n R
L L% rC
po=| Lol = |+l =
n=o ! Cllp) \pC=-»n

6.1 Characteristics of the model

(1) Expected or average no. of customers in the queue
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i C _AN-C_ 1 8 N-C
L, =P(A/p) T [1-p™C —(1-p)(N-C)p"]
Where p=A/Cp

(2) Expected no of customers in the system

c1C-n,, n
LS:L“+C_P°.§0 o7 (A/p)
LS=Lq+-)i

i

C-1
Where 1' = p[CZ (C—n)Pn]

n=0
(3) Expected waiting time in the system

Wq =W, —~l— (or)
L

Iy -
W, =— Where }~'=p[C—(‘Z](C—n)Pn:|
/\,' n=0

(4) Expected waiting time in the queue

W, =W,—~ (or)
L

L y
W, ==%  Where l'=u[C—(ZI(C—n)Pn:|
}\,' n=0

Example:4.6.1 A car service station has two bags where service can be
offered simultaneously. Due to space limitation, only four cars are accepted for
servicing. The arrived pattern is poission with a mean of one car every minute during
the peak hours. The service time is exponential with mean 6 minutes. Find the average
no of cars in eh system during peak hours, the average waiting time of a car and the
average no of cars per hour that cannot enter the station because of full capacity.

A= 1 car per minutes

p= 1/6 per minute

C=3,N=7,p=NCp=2
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Py

w6 2 Ix6" |
1141

[Eo YRS =TTy

(1) Expected no of customers in the queue

. - (Cp)pP,
*Cl1-p)

6'x2 | i
- 1-2°.4+5(2)
3!(-1)2(1141][ +5(2) ]

= 3.09 Cars

[l_pN—C+I —(l—p)(N—C+|)pN'C]

(11) Expected cars in the system
L. =309+3-P,3 £2—"T"-)46")
n=0 Q!

= (.06 Cars

(11) Expected waiting time of a car in the system

L= - Ll = 12.3 min utes
I(1-p,) ,_67 1
313 1141
Since
1 W
= \ =n<
P. Cic— (A/p) B, C<n<N

(1v) Expected no of cars per hour at that cannot enter the station.

0 1
602 P, = 60,P, = ﬁ =
313' (1141

= 30.4 cars per hour

Example:4.6.2 A barber shop has two barbers and three chairs for customers.
Assume that customers arrive in a poisson fashion at a rate of 5 per hour and that each
barber services customers according to an exponential distribution with mean of 15
minutes. Further if a customer arrives and there are no empty chairs in the shop, he will
leave. What is the probability that the shop is empty ? What is the expected no of




customers in the shop ?
Here C=2, N =3,

A= 5/60 = 1/12 customer / minute,
p= 1/15 customers / minute

ava @y & 1 ]
o= Eon_!(ﬁ) +.§:2“-3(2!)(E] }

i@ 6]

-1
= l+§+§+E = 0.28
4 32 256

Probability that the shop is empty = probability that there are no customers in the system

PO =0.28

Probability that there are n units in the system

i[&] By 0<n=<C
I
: A P C<n<N
[C1C™

—l—l(%) (0.28);0<n<2

n!

1

=12
| 2125\ 4

(-) (028); 2<n<3

The expected no of customers in the shop
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(C n)[ )
C-l u
L =Lq+C—POZ—
n=0 n!

.'LM“‘

(n—2)P, +2— Pz"z “)(]
n! 4
=P, +2-(325)P,

_ (1255029 5 32540.28)

= 1.227 Customers (approx)

=1.227 Customers(approx)

7 Finite Source Models

Single-channel finite population model with Poisson arrivals and exponential
service (M/M/1)(FCFS/n/M).

Characteristics of Finite Source Model (M/M/I) : FCFS/n/M

(1) Probability that the system is idle

w M (AY]
L _[EO(M—D)!(;J]

(2) Probability that there are n customers in the system

M! 2
P, = A P,.n=0,12,...M
(M—n)!\ pn

(3) Expected no of customers in the queue (or queue length)

A+
L,= M—( 5 ](]—PO)

(4)Expected no of customers in the system
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o, TR
L,=M->(1-F)

(5) Expected waiting time of a customer in the queue
L

. q
* u(-PR)
(6) Expected waiting time of a customer in the system

W, = Wq +-l-
K

Example:4.7.1. A mechanic repairs machines. The mean time b/w service
requirements is 5 hours for each machine and forms an exponential distribution. The
mean repair time is C hour and also follows the same distribution pattern.

(i) Probability that the service facility will be idle

(i) Probability of various no of machines (0 through 4) to be and being repaired

(iii) Expected no of machines waiting to be repaired and being repaired

(iv)Expected time a machine will wait in queue to be repaired.

gn  C=1 (only one mechanic), A= 1/5 = 0.2 Machine / hours

p= 1 Machine / hour, p= 4 Machines

p= Npu=0.2

(1) Probability that the system shall be idle (or empty) is
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- i 1
Mo Ml (2
< EO(M—n)!(E”

- -1
i 4 b
1 _50(4—n)!(0'2) ]

41 IV S —
[1+§(o_2)+2—!(0_2) +2(02+:(02) ]

=[1+0.8+0.48+0.192+0.000384]"

=(2.481)" =0.4030

=[1  +0.8 0+.480.+192 0.000384]+-1
=(2.481)-1 =0.4030

(i) Probability that there shall be various no of machines (0 through 5) in the system is
obtained by using the formula

' n
P, - DAL PR P,, n<M
(M—n)!{ p
P, = 0.4030
41
P =5(0.2)(0_4030) =0.3224
4 .
P, = (0.2)°P, = 0.1934
41 .
P, - (0.2)°P, = 0.0765
P, =41(02)* P, =0

(ili)  The expected no of machines to be and being repaired (in the system)
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L =M—%(I—P0)

=4- L(I —0.403)
0.2

= 1.015min utes

(iv)  Expected time the machine will wait in the queue to be repaired
w o=l m _Atw
1 pl1-P, A

4

- -6
0.597

= (.70 hours (or) 42 min utes

=0.70 hours (or) 42 min utes
Example:4.7.2. Automatic car wash facility operates with only one bay cars
arrive according to a poisson is busy. If the service time follows normal distribution with
mean 12 minutes and S.D 3 minutes, find the average no of cars waiting in the parking
lot. Also find the mean waiting time of cars in the parking lot.

A = 1/15, E(T) = 12 min, V(T) = 9 min,
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1 1

= ——=—

E(T) 12
By P-K formula

L NIV +EX(T)]

E(N.) =L =E(T
Neki=s D 2-[1-AE(T)]

|
—(9+144
2 P
15 12
2(1——
( 15)
=i+E =25 Cars
5 90

By Little’s formula

A

E(Nq) =Lq =Ls—;
Lq =2.5—B

15
=1.7 cars

.". The average no of cars waiting in the parking lot = 1.7 cars The mean waiting time
of the cars in the parking lot
L, 17

Y =—=—— =255 minutes
A 1/15

(or) 0.425 hour
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TUTORIAL PROBLEMS

1. Thelocalone-personbarber shopcana ccommodate amaximumof SpeopleatAtime(4waitinganc

Customers arrive accordingtoaPoissondistributionwithmean5 perhour. The barbercutshair
ervicetime).

(a) What percentage of time is the barber idle?

atan:

(b) Whatfractionof thepotentialcustomers areturned away? (c) What isthe expectednumber of ¢

hair cut?

(d) Howmuchtime cana customer expecttospendinthe barber shop?

2. Abank has twotellers workingon savings accounts. The first

tellerhandles withdrawalsonly. The second teller handlesdeposits only.It hasbeenfoundthat

customer.Depositorsare foundtoarrive ma Poissonfashion throughoutthedaywithmeanarriy,

Withdrawers alsoarrive ina Poissonfashionwithmeanarrivalrate of 14 per hour. Whatw
sustomers 1if eachteller couldhandle bothwithdrawals anddeposits. Whatwould bethe effect.ifth
1me t03.5 min.?

3. Customers arrive ataone-man barber shopaccording toaPoisson process mean inte
|Ominin thebarber’s chair.

(a) Whatis the expectednumberof customers inthe barber

shopandinthe queue?

(b)Calculatethe percentageof time anarrivalcanwalk straightintothe barber’schair witho
©howmuch time cana customer expecttospendinthe barber’s shop?
(e)Managementwillprovide another chairandhire anotherbarber, whena customer’s wait
1.25h. Howmuchmustthe average rateof arrivalsincrease to warranta second barber?

(f)Whatis theprobabilitythatthe waitingtime in thesystemis greaterthan30min?

4. A2-personbarbershophas Schairstoaccommodate waiting customers.Potentialcus
vithoutentering barber shop.Customers arriveatthe average rateof 4perhour andspel
’0,P1,P7E(Nqg) andE(W).

these

alrat

ould
1S CC

Farrn

utha:

Ingt1

stom
ndan




5. Derive the differenceequations for a Poissonqueuesystemin the steadystate

6. There are3 typists anoffice Each typistcan type anaverageof6 lettersperhour If lett
hour.

| Whatfractionof thetime all the typists will bebusy?

2.What 1sthe average number of letters waitingtobetyped?

3.What isthe average time a letter has tospendfor waitingandforbeing typed?
4 What 1sthe probabilitythata letter willtake longer than20 min. waitingtobe typedand bei

7. Determine the steadystateprobabilities for M/M/C queueing system.

WORKED OUT EXAMPLE

Example 1: A super market has 2 girls running up sales at the counters. If the
service time for each custo minutes and if people arrive in Poisson fashion at the rate of

10 an hour.
(@) What is the probability of having to wait for service ?
(b) What is the expected percentage of idle time for each girl.

If the customer has to wait, what is the expected length of his waiting time.
C =2, A= 1/6 per minute p= % per minute A/ Cp= 1/3.
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- -1
c-1 ] n 1 C Cu
—(A/p) +—(A/
’ Eon!( k) C!( 1) Cp—x]

.~
Il

[ 1 a1 » 2x1/4
S SR GV B ) SRR o 7 | e i
_Eon!( ) 2!( ) 2xl/4—l/6]

[(1+2/3}+1/3] =27 =1/2

S Po=%&P,=(Ap)Pe=1/3

a)
P[n>2] =3P
.
AW Me p o Ghere 022
Cl(Cu-2)
= QWD) 45y 0.167
21(1/2 - 1/6)

.. Probability of having to wait for service = 0.167

.". Probability of having to wait for service = 0.167 b) Expand idle time for each
girl=1-A/Cp

=1-1/3=2/3=0.67=67%
Expected length of customers waiting time = 1/ y —A=3 minutes

Example 2: There are 3 typists in an office. Each typist can type an average of 6
letters per hour. If letters of 15 letters per hour, what fraction of time all the typists will be
busy ? what is the average no of letters waiting to

Here C = 3; A= 15 per hour; pu= 6 per hour

P[all the 3 typists busy] = p[n = m]

Where n = no. of customer in the system
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PIn=C|=

=[1+2.5+

= 0.0449
P[x -] 3]

=0.7016

Average no

=%
I

=3

2020-2021

Cll(n—-n)] °

oo -1
@ Loy [————18 ]]
TS R KTEET

_(2.5)'(18)

- (0.0449)
31(18-15)

of letters waiting to be typed

I (x)c Nii }
X =| ——|r,
(C-DIlp) (Cu-2)

B 3
M}(0.0M‘))
| 21(18—15)°

5078
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