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Introduction

Consider an experiment of throwing a coin twice. The outcomes {HH, HT, TH,
TT} consider the sample space. Each of these outcome can be associated with a number




by specifying a rule of association with a number by specifying a rule of association (eg.
The number of heads). Such a rule of association is called a random variable. We denote a
random variable by the capital letter (X, Y, etc) and any particular value of the random
variable by x and y.

Thus a random variable X can be considered as a function that maps all elements in
the sample space S into points on the real line. The notation X(S)=x means that x is the
value associated with the outcomes S by the Random variable X.

1 SAMPLE SPACE

Consider an experiment of throwing a coin twice. The outcomes S = {HH, HT, TH,
TT} constitute the sample space.

2 RANDOM VARIABLE

In this sample space each of these outcomes can be associated with a number by
specifying a rule of association. Such a rule of association is called a random variables.

Eg : Number of heads

We denote random variable by the letter (X, Y, etc) and any particular value of the
random variable by x or y.

S={HH,HT, TH, TT} X(S) = {2, 1, 1, O}

Thus a random X can be the considered as a fun. That maps all elements in the sample
space S into points on the real line. The notation X(S) = x means that x is the value
associated with outcome s by the R.V.X.

Example

In the experiment of throwing a coin twice the sample space S is S =
{HH,HT, TH,TT}. Let X be a random variable chosen such that X(S) = x (the number of
heads).

Note

Any random variable whose only possible values are 0 and 1 is called a Bernoulli
random variable.

2.1 DISCRETE RANDOM VARIABLE

Definition = A _discrete random variable is a R \/. X whose pnqqihlp values consitute finite




set of values or countably infinite set of values.
Examples

All the R.V.’s from Example : 1 are discrete R.V’s
Remark

The meaning of P(X <a).

P(X <a) is simply the probability of the set of outcomes ‘S’ in the sample space for
which X(s) <a.

Or

P(X<a)=P{S: X(S)<a}
In the above example : 1 we should write
P(X <1)=P(HH, HT, TH) =%

Here P(X<1) = % means the probability of the R.V.X (the number of heads) is less than or
equalto 1is % .

Distribution function of the random variable X or cumulative distribution of the
random variable X

Def :

The distribution function of a random variable X defined in (-o0, «) is given by F(x)
=P(X<x)=P{s: X(s) <x}

Note
Let the random variable X takes values x1, X2, ....., xn with probabilities P1, P2, ....., Pn
and let x1< x2< ..... <xn

Then we have
F(X) =P(X<x1)=0, -0<x<Xx,
F(xX) =P(X<x1)=0,P(X<x1)+P(X=x1) =0+pl=pl
F(xX) =P(X<x2)=0,P(X<x1)+P(X=x1)+P(X=x2)=pl+p2
F(X) =P(X<xn)=P(X<x1)+PX=x1)+.....+ P(X =xn)
=pl +p2+.......... + pn =1




2.2 PROPERTIES OF DISTRIBUTION FUNCTIONS

Property : 1 P(a<X <b) =F(b) — F(a), where F(x) = P(X <x)
Property : 2 P@a<X<b) =P(X=a)+ F(b) - F(@)

Property : 3 Pl@<X<b) =P(a<X<b)-P(X=Dhb)

= F(b) — F(a) — P(X = b) by prob (1)

2.3 PROBABILITY MASS FUNCTION (OR) PROBABILITY FUNCTION

Let X be a one dimenstional discrete R.V. which takes the values x1, x2, ...... To
each possible outcome ‘x;” we can associate a number p..

e, P(X =x) =P(x) = pi called the probability of x. The number pi= P(x)
satisfies the following conditions.

, (i) 3 p(x,) =1

() p(x;)) 20,V

The function p(x) satisfying the above two conditions is called the probability mass
function (or) probability distribution of the R.V.X. The probability distribution {xi, pi}
can be displayed in the form of table as shown below.

X=x; X1 X2 Xi
P(X =
xi)zpl

P P2 Pi

Notation

Let ‘S’ be a sample space. The set of all outcomes ‘S’ in S such that X(S) = x is denoted
by writing X = x.

P(X =x) =P{S : X(s) = x}

ity P(x < a) =P{S : X() € (-o0, a)}

and P(a<x<b)=P{s: X(s) € (a, b)}
P(X=aorX=Db)=P{(X=2a) U (X=h)}
P(X=aand X=b)=P{(X=a) N (X =Db)} and so on.

Theorem :1 If X1 and X2 are random variable and K is a constant then KX;, X; + X,,




XX, KiX; + KX, Xi-X; are also random variables.

Theorem :2

If ‘X’ 1s a random variable and f(¢) is a continuous function, then f(X) is a random
variable.

Note

If F(x) is the distribution function of one dimensional random variable then

I 0<Fx)=1
I1. If x <y, then F(x) < F(y)
I11. F(-2)= Iim F(x) =0
V. If “X" 1s a discrete R.V. taking values x, X», X3
Where x;< X2<Xi.1 Xj ........ then

P(X = x;) = F(x;) — F(xia1)

Example:

A random variable X has the following probability function

Values of X 0Ol1 |2 |3 |4 |5 6 7 8

Probability P(X) |a [3a [5a|7a|9a | 11a | 13a | 15a | 17a

(i)  Determine the value of ‘a’
(i)  Find P(X<3), P(X>3), P(0<X<5)
(iti)  Find the distribution function of X.

Solution
Table 1

Valuesof X (0|1 |2 |3 (4 |5 6 7 8

p(x) al|3a|5a|7a|9%9a|11a|13a|15a | 17a

(1) We know that if p(x) is the probability of mass function then




Zp(X,)=l

P(0) + p(1) + p(2) + p(3) + p(4) + P(5) + p(6) + p(7) + p(8) = ]

a+ 3a+5a+7a+9a+1la+13a+15a+17a = |
8la = 1
a = 1/81
put a=1/81 in table 1, e get table 2
Table 2
X=x1|0 2 ) 2 3 4 5 6 7 8

P(x) |1/81 |3/81|5/81 |7/81|9/81 |11/81 | 13/81 | 15/81 | 17/81

(ii) P(X < 3) = p(0) + p(1) + p(2)
= 1/81+ 3/81 + 5/81 = 9/81
(1) P(X=3) =1-p(X<3)
=1-9/81 =72/81
(m)P(0<x<3) =p(1)+p(2)+ p(3)+p(4) here 0 & 5 are not include
=3/81 + 5/81 + 7/81 + 9/81
3+5+7+8+9 24
81 81
(1v) To find the distribution function of X using table 2, we get
X=x F(X)=P(x<x)
0 F(0) =p(0)=1/81
| F(1) =P(X<1)=p(0)+p(l)
=1/81 + 3/81 = 4/81
5 F(2) =P(X<2)=p(0)+p(l)+p(2)
=4/81 + 5/81 = 9/81
3 F(3) =P(X<3)=p0)+p(l)+p2)+p3)
=9/81 + 7/81 = 16/81
4 F(4) =PX<4)=p0)+p(l)+ ... +p4)
=16/81 + 9/81 =25/81
5 F(5) =P(X<5)=p0)+p(l)+...+p(4)+p(5
=2/81+ 11/81=36/81
6 F(6) =P(X<6)=p0)+p(l)+...+p(6)
=36/81 + 13/81 = 49/81
" F(7) =P(X<7)=p(0)+p(1)+ ... +p(6)+p(7)
=49/81 + 15/81 = 64/81
8 F(8) =P(X<8)=p0)+p(l)+...+p6)+p(7)+p8)
=64/81 +17/81 =81/81=1




3 CONTINUOUS RANDOM VARIABLE

Def : A R.V.”X’ which takes all possible values in a given internal is called a continuous
random variable.

Example : Age, height, weight are continuous R.V.’s.
3.1 PROBABILITY DENSITY FUNCTION

Consider a continuous R.V. ‘X’ specified on a certain interval (a, b) (which can also be a
infinite interval (-0, o0)).

If there is a function y = f(X) such that

. P(x<X <x+Ax)
lim =

Ax—0 Ax

f(x)

Then this function f(x) is termed as the probability density function (or) simply density
function of the R.V. ‘X",

It is also called the frequency function, distribution density or the probability density
function.

The curve y = f(x) is called the probability curve of the distribution curve.
Remark

If f(x) is p.d.f of the R.V.X then the probability that a value of the R.V. X will fall in
some interval (a, b) is equal to the definite integral of the function f(x) a to b.

P(a<x<b) = ?f(x)dx
a (or)

Pa<X<b)

Ff(x)dx

3.2 PROPERTIES OF P.D.F
The p.d.f f(x) of a R.V.X has the following properties

1. In the case of discrete R.V. the probability at a point say at X = ¢ is not zero. But in
the case of a continuous R.V.X the probability at a point is always zero.




P(X = ¢) :Tf(x)dx=[x]cc-—-C—C:0

2. If xis a continuous R.V. then we have p(a< X <b)=p(a< X <b)
=p@a<XVbh)
IMPORTANT DEFINITIONS INTERMS OF P.D.F

If f(x) is the p.d.f of a random variable ‘X’ which is defined in the interval (a, b) then

b
1 Arithmetic mean [x f(x)dx
b ]
1 Harmonic mean [—f(x)dx
a X
b
i Geometric mean ‘G’ log G [logx f(x)dx
- r
v Moments about origin [x" f(x)dx
b
\4 Moments about any point A [(x=A)" f(x)dx
b
Vi Moment about mean p, [(x—mean)" f(x)dx
b
vii Variance 1, [(x—mean)” f(x)dx
b
Viil Mean deviation about the mean is M.D. [|x —mean | f(x)dx

3.3 Mathematical Expectations

Def :Let ‘X’ be a continuous random variable with probability density function f(x). Then
the mathematical expectation of ‘X’ is denoted by E(X) and is given by




E(X) = Txf(x)dx

(1, about origin)
(1, about origin)

It 1s denoted by
W =[x f(x)dx
Thus
w, =EX)
w, =EX)
~.Mean = X =p, = E(X)
And
Variance = Ll.g _u'zz
Variance = E(X®)-[E(X)F

* " moment (abut mean)

Now
E{X-E(X)} =

Thus
B, =
Where W, =

(a)

T {(x-E(X)} f(x)dx
T {X—i}rf(x)dx

o

[ {x =X} f(x)dx

—00

E[X - E(X)']

(b)




This gives the r'"™ moment about mean and it is denoted by ur
Putr=1 in(B) we get

u, — T {x—i}f(x)dx

= T xf(x)dx — T ;f(x)dx

= i—if f(x)dx [ T f(x)dx:l:l
= XX

H = 0

Putr=2 in (B), we get

K, = T(x—i)z f(x)dx

Variance = p, = E[X -EX)]

Which gives the variance interms of expectations.

Note

Let g(x) = K (Constant), then

E[g(X)] = E(K) = ;[O_Kf(x)dx
= K[f(x)dx [ f f(x)dx=l}
- K. - K

Thus E(K) = K = EJa constant] = constant.

3.4 EXPECTATIONS (Discrete R.V.’s)
Let ‘X’ be a discrete random variable with P.M.F p(x)
Then




E(X) = Xxp(x)

For discrete random variables “X’

E(X") = > X' p(x)
x (by del)
[f we denote
EX)= p
Then
b= EXT= ExpX)

Putr=1, we get
Mean p, = 2. xp(x)
Putr=2, we get

w, = EX]=  Ixpx)

"= pp-w? = EQO)-{E))
The r'™ moment about mean
B, = E[{X-E(X)}']
= Z-X)p(x), E(X)=X

Putr=2, we get
Variance = 1, = 2((x - X)” p(x)

3.5 ADDITION THEOREM (EXPECTATION)
Theorem 1

If X and Y are two continuous random variable with pdf fx(x) and fy(y) then
E(X+Y) = E(X) + E(Y)

3.6 MULTIPLICATION THEOREM OF EXPECTATION
Theorem 2

If X and Y are independent random variables,




Then E(XY) = E(X) . E(Y)

Note :

If X1, X2, ...... , Xn are ‘n’ independent random variables, then
E[X1, X2, ...... , Xn] = E(X1), E(X2), ...... , E(Xn)

Theorem 3

If ‘X’ is a random variable with pdf f(x) and ‘a’ is a constant, then
() E[aG(x)]=aE[G(x)]
(i)  E[G(X)+a] = E[G(x)+a]
Where G(X) is a function of ‘X’ which is also a random variable.
Theorem 4

If ‘X’ is a random variable with p.d.f. f(x) and ‘a’ and ‘b’ are constants, then E[ax +
b]=aE(X)+Db

Cor 1:
If we take a=1and b = —E(X) = — X, then we get
E(X-X)=EMX)-EX)=0

Note

X)) EX)
E[log (x)] # log E(X) _
E(X°) # [EX)I

3.7 EXPECTATION OF A LINEAR COMBINATION OF RANDOM VARIABLES




Let X1, X2, ...... , Xn be any ‘n’ random variable and ifal, a2, ...... , an are constants, then
E[alX1 +a2X2 + ...... + anXn] = alE(X1) + a2E(X2)+ ...... + anE(Xn)

Result
If X is a random variable, then
Var (aX + b) = a?Var(X) ‘a’ and ‘b’ are constants.

Covariance :

If X and Y are random variables, then covariance between them is defined as Cov(X,
Y) = E{[X-ECOITY - E(Y)I}

Cov(X,Y) = E(XY)-E(X).E(Y) (A)
If X and Y are independent, then
E(XY) = E(X) E(Y)
Sub (B) in (A), we get Cov (X, Y)=0

~ If X'and Y are independent, then
Cov(X,Y)=0
Note
(i) Cov(aX, bY) =ab Cov(X, Y)
(i) Cov(X+a, Y+b) =Cov(X,Y)
(il)  Cov(aX+b, cY+d) =ac Cov(X, Y)
(iv) Var (X1 + X2) =Var(X1) + Var(X2) + 2 Cov(X1, X2)
If X1, X2 are independent
Var (X1+ X2) = Var(X1) + Var(X2)

EXPECTATION TABLE




Discrete R.V’s Continuous R.V’s

1. E(X)=Xx p(x) . E(X)= jfxf(x)dx

2. E(X)=p, =Zxp(x) 2. E(X)=p = [ x* f(x)dx

3. Mean=p_= Y xp(x) 3. Mean=p = T x f(x)dx

4. py=XYx p(x) 5 = sz f(x)dx

5. Variance = i, —p1,> = E(X) - {E(X)}’ 5. Variance = W, —pt,” = E(X%) 4 {E(

SOLVED PROBLEMS ON DISCRETE R.V’S
Example :1

When die is thrown, ‘X’ denotes the number that turns up. Find E(X), E(X?) and Var
(X).

Solution

Let ‘X’ be the R.V. denoting the number that turns up in a die. ‘X’ takes values 1, 2, 3, 4,
5, 6 and with probability 1/6 for each




X=x | 2 3 4 5 6
1/6 1/6 1/6 1/6 1/6 1/6
p(x)
p(x1) p(x2) p(x3) p(x4) p(xs) p(xs)
Now
E(X) = g X; p(x;)
= X1p(X1) + X2p(X2) + X3p(X3) + Xgp(X4) + X5p(X5) + XsP(Xs)
= 1x(1/6)+1x(1/6)+3x(1/6)+4 x (1/6) + 5 x (1/6) + 6 x (1/6)
= 21/6 = 712 (1)
6
EX) = Exp(x,)

X1 P(x 1 +X2 P(X2 )+X5 P(X3)+X4 "P(Xg X5 P(X5)+X46 P(X6)
1(1/6) + 4(1/6) + 9(1/6) + 16(1/6) + 25(1/6) + 36(1/6)

1+4+9+16+25+36 91
6 = 3 (2)

Variance (X) = Var (X)= E(Xz) = [E(X)]2

_9 (7Y _91 49 _35
6 2 6 4 12




Example :2
Find the value of (1) C (11) mean of the following distribution given

f(x)z{g(x—r), 0<x<l

otherwise
Solution
Given £(x)= C(x—x7), O<x<.1 (1)
0 otherwise
[ f(x)dx=1
1
[C(x —x*)dx=1 [using (1)] [~ 0<x<1]
0
ol ¥ ] =1
L 2 3 0
& 1_1}1
[0 '3
6
& |
—=1 C=6 2
6 (2)
Sub (2) in (1), fix) =6(x—-x°), 0<x < 1 (3)
Mean =E®x) = T x f(x)dx

-0

=ix 6(x—x’)dx [from(3)] [~ 0<x<I]
0
0
3 & |

0

.. Mean='%

Mean | C
Ya 6




4 CONTINUOUS DISTRIBUTION FUNCTION
Def :

If f(x) is a p.d.f. of a continuous random variable ‘X’, then the function

Fx(x)=F(x) = P(X <x) = | f(x)dx, —o0<x <0

-0

is called the distribution function or cumulative distribution function of the random
variable.

* PROPERTIES OF CDF OF A R.V. ‘X’

(1) 0<Fx)<1l,-0<x<m

(i) Lt Fx) =0, Lt F(x) =1

(m) P@s<X<b)= lj)f(x)dx = F(b)-F(a)

w Fr) =X g0
dx

(v)  P(X=xj)=Fxj)-F(xi-1)




Example :1.4.1
Given the p.d.f of a continuous random variable *X” follows

{6x(l—x), O<x<l
fx)=

-, find c.d.f for ‘X’
0 otherwise

Solution

_ 6x(1—x), D<x<l
Grven $2) 0 otherwise

The c.d.f isF(x)= [ f(x)dx, - <X <o
(i) When x < 0, then ‘
F(x) = }f(x)dx

= [0idx =0
(11) When 0<x < 1, then

Fx) = | f(x)dx

= | f6gdx+ [E)dx

X X X2 x3 i
=0+ [6x(1-x)dx =6[x(1-x)dx =6 ———
0 0 2 3 A
= 3x*-2x°
(111) When x> 1, then

F(x) = [ f(x)dx
= [ 0dx + [6x(1=x)dx + | 0 dx

1
=6 [(x-x)d&x =1
0

Using (1), (2) & (3) we get
0, x <0
F(x)={3x*-2x’, 0<x«<lI

| x> 1

2




Example:1.4.2
. .
() If f(x)=4° ° x={
0 x<0

(11) If so determine the probability that the variate having this density will fall in the in

defined as follows a density function ?

2

2).
Solution
R >0
Given f(x)= = *
0, x:<A)

(a) In (0, ), €™ is +ve
~A(x) =0 1n (0, o0)

(b) ]5 f(x)dx = (f f(x)dx + Tf(x)dx

Il

0 o
[0dx + [e™™dx
o 0

—

= [—e" ]: =—e  +1

=1
Hence fix) isa p.d.f
(11) We know that

P(a<X <b) = [f(x) dx

D B Se—

P(ISXSZ) — f(x) dx s e—x dX= [_e_x il

ey W—
- Sy, N

e dx = [-e*],

=.e2+e¢’ =-0.135+0.368 =0.233

— Sy, DD




Example:1.4..3

A probability curve y = f{x) has a range from 0 to . If fix) = ¢™, find

variance and the third moment about mean.

Solution
Mean = Txf (x) dx
0
= gxe‘X dx — [x[—e"]—[e"‘]:'U
Mean = 1

Variance 1, = T(x —Mean)” f(x)dx
0

(x—1)’e ™ dx

O ey, §

B, =1
Third moment about mean

M, = ?(x— Mean)’ f(x)dx

Herea=0b=w

s = Jox-1 e dx
= {(x=1}(=e™) = 3(x = 1)*(e™) + 6(x — )(—e ™) — 6(e™))
=-1+3-6+6=2
n3 =2

5 MOMENT GENERATING FUNCTION

Def : The moment generating function (MGF) of a random variable ‘X’ (about origin)

whose probability function f(x) is given by

the



Mx(t) = E[e"]

-

of e™ f(x)dx, for a continuous probably function

— < X==—00

i e"p(x), for a discrete probably function

| X=—10
Where t is real parameter and the integration or summation being extended to the en
X

Example :1.5.1

Prove that the r' moment of the R.V. X’ about origin is M (t) = [ t—| W
r=0 I'!
Proof
WKT Mx(t) =E(e™)

2 3 r
=E[l+tx+(tx) +(tX) +....++(tX) +]
I! 21 3! r!

M, (1) —1+t'+i'+£'+ +£'+
X = M, 2!u2 3!u3 ..... r!p., ........
[using p, = E(X")]
Thus r'™ moment = coefficient of =
r!

Note
1. The above results gives MGF interms of moments.

2. Since Mx(t) generates moments, it is known as moment generating function.

tire




Example:1.5.2
Find p, and p, from Mx(t)

Proof
w0 tr ;
WKT M,(t) =2
r=0T!
M, (t) —'+i'+—2'+ +—r'
. i T it
Differenting (A) W.R.T “t’, we get
. i 2t 5 o B
My (1) St e
Put t=01n(B), we get
M, (0) =, = Mean

Mean = M, (0)  (or) [ad;(Mx(t))]

M, (1) =+t fs o
Put t=01n(B)
s ; d?
My (0) =p, (or) [F(Mx(t))}

t=0

In general p, = [%(Mx(t))}

=0

(A)

(B)




Example :1.5.3
Obtain the MGF of X about the point X =a.

Proof
The moment generating function of X about the pont X =a1s M, (t) =E[e
3 3 i y
:E|:1+t(X—a)+§(X—a)‘ +....+—|(X—a) +:I
! r!
Formula

<

« X . X
¢ =l+—+—=%.
121

”

—E() + E[t(X—a)]+E[-%(X—a)z]+....+E[%(X—a)’]+....

5

=14 tE(X—a)+%E(X—a)2 +....+t—IE(X—a)' ,o
! It

14 tp',+2—"p'2+....+t—|p',+.... Where . = E[(X—a)]
. rl
o B e .

IMy@®)] . =1+t + =+t —p

e 2! r!l
Result:
M (1) = E[e*] (1)
M (t) = E[e™] (2)
From (1) & (2) we get

M (t) = M(ct)

Example :1.5.4
i X Xoo ... X, are independent variables, then

M

X+ X+ X, (t)

[ X, Xs, ....., X, are independent]

= M, ()M, (Qscccse M, (t)

it X—a

pro




Example:1.5.5

Proof

~M ()= M,

By definition

M, (t) = E[e‘“]

’et(";“}}

- it
en n

i o
=E[e?] E[e" ]
“ta X

=et E[e?]

[by def]
b

—at

—at

h

t
Prove that if u:ﬁg—a, then M_(t) = e—"_.Mx( J where a, h are constanty.

[M\(t) - E[em]]

X—
(%J , where U = Ta and Mx(t) 1s the MGF about o

rigir




Example:1.5.6
Find the MGF for the distribution where

2
- abx=1
3
1
() =+ 3 abx =2
0 otherwise
Solution
Given f(1)= 2
3
)
3
f{3)=84)=...... =0
MGF ofa R.V. “X’ is given by
M, (t) = E[e™]
= 3 (%)
x=0
=e’fl0)+e' 1) +e™fR2)+ ...
=0+e'f{2/3) + e f{1/3) + 0

=2/3¢! + 1/3e*
 :
~ MGFis M(t)= %[2+e‘]

6 Discrete Distributions

The important discrete distribution of a random variable ‘X’ are

1. Binomial Distribution
2. Poisson Distribution

3. Geometric Distribution




6.1BINOMIAL DISTRIBUTION

Def : A random variable X is said to follow binomial distribution if its probability law is
given by

P(X) = p(X = x successes) = NCx px g™ Where x=10, 1, 2, ....... ,n, ptq=
Note

Assumptions in Binomial distribution

1)  There are only two possible outcomes for each trail (success or failure).

i) The probability of a success is the same for each trail.
Iii) There are ‘n’ trails, where ‘n’ is a constant.

Iv) The ‘n’ trails are independent.

Example :1.6.1
Find the Moment Generating Function (MGF) of a binomial distribution about origin.

Solution

WKT M, (t) = ie“ p(x)
x=0

Let X’ be a random variable which follows binomial distribution then MGF ab
given by

E[e™] = My(t) = Zep(x)
= > e nC piq [ p(x) = anp‘q""]
x=0

go(el\( ) pxnqun—x

= go(pe:l )*nC _q"™

out

- My (t) = (q+pe')”




Example:1.6.2
Find the mean and variance of binomial distribution.

Solution
My (1) = (q+pe')’
o My (t) = n(q+pe')"" pe'
Putt =0, we get
My(0)  =n(q+p)'p
Mean = E(X) = np [~ (q+p)=1] [Mean M'X(O)]
M, (t) = np[(q +pe')" e +e'(n—1)(q+pe' )“'z.pe‘]
Putt =0, we get
M (1) = np[(q+p)"" +(n-1)(q+p)"p]
= np[l+(n-1)p]
= np+n’p’ —np’
=n’p’ +np(1-p)
M, (0) = n’p’+npq [-1-p=q]
M, (0) = E(X?) =n’p’ +npq
Var(X) = E(X*) - [E(X)] =n*/p’+npg—n’/p* =npq
Var (X) = npq

S.D = 4/npq

Example :1.6.3

Find the Moment Generating Function (MGF) of a binomial distribution
(np).
Solution

Wkt the MGF of a random variable X about any point “a’ is

M.(t) (about X = a) = E[e"*™)]

Here ‘a’ is mean of the binomial distribution
Mx(t) (about X = np) = E[¢*™]
=E[e” . ™)
=™ [[e"])
=e™™ . (qtpe)-”
=(e")" (q+pe)"
.. MGF about mean = (e™)". (q + pe')"

Example :1.6.4
Additive property of binomial distribution.
Solution

ab



The sum of two binomial variants is not a binomial variate.

et X and Y be two independent binomial variates with
(ny, p1) and (ny, pa) respectively.

Then

M, (t) = (q1 . p,e‘)n', M, (t) = (q2 + pze‘)
My, (t) =M (t)M(t) [+ X & Yare independent R.V.’s]

n,

= (ql + plet)nl- (Cb + pze‘)n2

RHS cannot be expressed in the form (q + pe')n. Hence by uniquenes:

MGF X+Y is not a binomial variate. Hence in general, the sum of two binomial vai
binomial variate.

Example :1.6.5
If M(t)= (q+pet )n' , My(t)= (q+pe‘)nz , then

My.y(t) = (q+pel) o
Problems on Binomial Distribution

1. Check whether the following data follow a binomial distribution or not. Mean =

4.
Solution
Given Mean np =3 (1)
Variance npr =4 (2)
@ _mwp 3
(1) npq 4

== i = llwhich s> 1.
3 3

Since q > 1 which is not possible (0 < q < 1). The given data not follow binomial d

5 th

rate

Istri




Example :1.6.5
The mean and SD of a binomial distribution are 5 and 2, determine the distr
Solution

Given Mean=np =35 (1)
SD = \/npq=2 (2)
b LB B et
(1) npq S 5
. _]_i—l — —l
e s
Sub (3) in (1) we get
nx1/5=35

n=25
.. The binomial distribution 1s
PX=x)=p(x) =nCyxp*q™ ,
=25C(1/5)"(4/5)™, a3 N5 R S 25

7 Passion Distribution
Def :

A random variable X is said to follow if its probability law is given by

—Aq
R

P(X =x) = p(x) x=0,1,2,.....,0

Poisson distribution is a limiting case of binomial distribution under the following
conditions or assumptions.

1. The number of trails ‘n’ should e infinitely large i.e. n—oo.
2. The probability of successes ‘p’ for each trail is infinitely small.
3. np = A, should be finite where A is a constant.

* To find MGF

ibut




* To find MGF
Mx(t) = E(e™)

Hence Mx(t) = e*"
* To find Mean and Variance
WKT M (t) =M
M, () =MD gt
M, '(0) =e A

W =EX) =3 xp(x)




- $x. =5
x=0) x| x=0 x!

o x—1
et e B
x=1 x!

B = )\'x—l
- ).' Z

x=1 (X - 1)'

=Ae e’
Mean = A
5 2 5 ; e_)-lx
u, =E[X] =2 x".p(x) = XX
X= x=0 X'
= 5 (e D+ xS
x=0 x|
& s —AiA X - -k X
_ = X(x e A +3 X.e A
x=0 x! x=0 X!
— MY A Y
=0 (X—=2)(x-3)...1
. }\’X—Z
Sy i +A
z‘o(x—Z)!
= "k2|:1+—+£+ ]+k
2!
=AM +A
Variance p, = E(X*)-[E(X)] = A3 =A> = A

Variance = A
Hence Mean = Variance =A
Note : * sum of independent Poisson Vairates is also Poisson variate.

PROBLEMS ON POISSON DISTRIBUTION




PROBLEMS ON POISSON DISTRIBUTION
Example:1.7.1
[f x 1s a Poisson variate such that P(X=1) = % and P(X=2) = % find the P(X=0) and |
Solution
-Aq X
ey =
x|
A 3 .
- P(X=1) =e A =— (Given)
10
~ 3
= A" == 1
0 (1)
A9 2
P(X=2) = o = g (Given)
—7.;\'2 l
= — 2
2! 5 @)
(l):>e'7“k:i (3)
10
- -9 2 2
(2) =N = g- (4)
6 1.9
(4) A 4
gl
3
—ha 0
P(X=0) SR
0!
—n 3 473 3
P(X=3) _¢e A _e (4/3)
3! 3!




Example :1.7.2
If X 1s a Poisson variable

P(X=2) =9 P(X=4)+ 90 P(X=6)
Find (1) Mean if X (11) Variance of X
Solution
-k X
B =~ (D
x|
Given P(X=2)=9P(X=4)+ 90 P(X=6)
-hy 2 -hy 4 -1q 6
e A =9e A +9Oe A
2! 41 6!
1 9* 90n*
= =
2 4l 6!
1_3 A
2 8 8
7 ol b
l=—r+—
4 4
A +30-4=0
A= or A=-4
A==+1 or A=12i

Mean=A =1, Variance=A =1
Standard Deviation = 1

7.3 Derive probability mass function of Poisson distribution as a limiting case of
Binomial distribution

Solution

We know that the Binomial distribution is P(X=x) = nCx p*q™




P(X=x) =nCxpq
n!

GT;V—P(—N
=1.2.3 ....... (n—x)(n-x+1)....np" (1-p)"
1:2.3...{n—=x) xl (1-p)*
_ 123 (n-x)n-x+D...nf p ) .,
123.. (n-x) x! (1— J(l P)
_nn-)n-2)..(n-x+) A* 1 (1_&]"
x! n* %Y n
(-2
n
n(n—-1)(n-2).....(n—-x+1) x(l_&)“(l_&]“
x! n n
1 2 x—1
G R
PX=) = LK) il—%\
: /

When n—>w

X / . n-x
PR TOR PI C w|R
x| nox n k n n n
X / B
-2 (1—1) It 1—3) ...... It 1—("_1)
x| no=x n Jno=e\ n n-»® n

We know that
It | 1—— =e

el )

4 3\ —
ad Tl i=tle @ (1-3] ..... = (1-(3‘—1-)):1
o\ n) n-—»w n n-—»w n




8 GEOMETRIC DISTRIBUTION

Def: A discrete random variable ‘X’ is said to follow geometric distribution, if it assumes
only non-negative values and its probability mass function is given by

PX=x)=p(x)=q*" ;x=1,2,......0<p<1,  Whereq=1-p

Example:1.8.1

To find MGF

Mx(t) = E[e™]
= > e"p(x)
> iet.\'q\-—lp
x=1

. z—lelquq—lp
=2e'qp/q
= P qZ_le“q‘
=p/q g(e‘q)‘

=p/q [("fcl)l +(e'q)’ +(e'q)’ +]
Let x=e'q =p/q [x+x2 +x3+....]

=§x[l+x+x3+....] =§(1-X)—l

= % qe' [l—qe‘] = pe' [1-qe']”

My =P

* To find the Mean & Variance




t

: (1—ge')pe' —pe'(—qge') e
M, (t) = qgejpe—pe—qe) . P

(]_qet)z (l_qet)2
= E(X)= M, (0) = 1/p
- Mean= 1/p
. 4 d e'
Variance My (t) = ELI_IJW}
_ (1-qe')*pe' —pe'2(1-qe')(—qe')
(1-ge')’
_ (1-ge')’pe’ +2pe'qe’(1-qe')
(] _qet )4
" 1+
M’ (0)= — 1
p
var (%) = EQ¢) - [Eoop = D1 4
p p p
Var (X) = &
P

Note:
Another form of geometric distribution
P[X=x]=q'p.x=0,1,2, ...

P
M, (t) =
=1
Mean = q/p, Variance = q/p’




Example:1.8.2
[f the MGF of X is (5-4et)”, find the distribution of X and P(X=5)

Solution

Let the geometric distribution be

P(X=x)=q"p, x=0,1,2, ...

The MGF of geometric distribution is given by

p
1
e (1)

A 1

Here Mx(t) = (5 - 4¢')'= 5" [1 —ge'} (2)
B 1

Company (1) & (2) we get ng; ng

~PX=x) =pq, x=0,1,2,3

(5)5)

SRR

9 CONTINUOUS DISTRIBUTIONS

If ‘X’ is a continuous random Variable then we have the following distribution
1. Uniform (Rectangular Distribution)
2. Exponential Distribution

3. Gamma Distribution
4. Normal Distribution

9.1 Uniform Distribution (Rectangular Distribution)




Def : A random variable X is set to follow uniform distribution if its

Def : A random variable X is set to follow uniform distribution if its

1

. GEXZDH
f(x)=1b—a
0, otherwise
* To find MGF
M, (t) = [ e™f(x)dx
5 ]
= [e™ ——dx
a b—a

_ 1 fer T
b-al t :

1 5 ik
~ (b—a)t =7

.. The MGF of uniform distribution 1s
ebl = eal
(b—a)t

* To find Mean and Variance

E(X) = [ x f(x)dx

Mx(t) =




= [b, dx = [xdx
a b—a —a a
=b3—a3 :b+a :a+b
2(b—a) 2 2
. a+b
Mea =
ean [, 5
Putting r=2 in(A), we get
' b b x?2
B =Ix f(x)dx=jbX dx
=a2+ab+b2
3
.. Variance ==l
" 2+ab+b2_(b+a)2
3 2
Variance = L
12

PROBLEMS ON UNIFORM DISTRIBUTION
Example 1.9.1

If X is uniformly distributed over (-a,a), a< 0, find a so that

iy P(X>1)=1/3
(i) P(X|<1)=P(X[>1)
Solution

If X is uniformly distributed in (-a, o), then its p.d.f. is

_(b-a)’
12




— —a<X<o
20

0 otherwise
(i) PXX>1)=1/3

(ff(x)dx=l/3
|

[——dx =1/3
1 20

f(x)

1 @ 1
2a(x)' 1/3 :>2a(cx 1)=1/3
a=3
(i)  POX|<1D)=P(X]>1)=1-P(X]<1)
P(X[<1)+P(X|<1)=1

2P(X]<1)=1
2P-1<X<1)=1
1
2[f(x)dx =1
£ 4
2[—dx =1
1 20
=>a =2
Note:
1. The distribution function F(x) is given by
0 —a<x<a

F(x) =42"2 a<x<b
b—a

1 b<x<w

2. The p.d.f. of a uniform variate *X” in (-a, a) 1s given by
F
F(x) =1{2a
0 otherwise

—a<X<a

10 THE EXPONENTIAL DISTRIBUTION

(X Z2

Def A continuous random variable “X 1S said to follow anm exponential distribution



with parameter A>0 if its probability density function is given by

F(x) ={ke * X>a

0 otherwise
To find MGF
Solution
M, (t) = T e f(x)dx
= } e™he ™ dx =2 j e A xgx
0 0
i e—(}.—t)x =
A—t 0
- }\, [e—a: - e—()] - '_A'_
—(A—1t) A—t
LMGEBER= 2 st
A—t

* To find Mean and Variance
We know that MGF is




Mx(t) = ¥ (1)

r=0
: : ¢ 1
. Mean u, =Coefficient of ﬂzx

u, =Coefficient of%:i,

2 —
)\'2 ;\'2 7\'2

. ' '2
Variance= p,=p, —y," =

i Mean =

L
e A

Variance =

Example: 1.10.1
Let *X” be a random variable with p.d.f

l =R

—e3 x>0
F(x) =13
0 otherwise
Find 1) P(X > 3) 2) MGF of X’

Solution
WKT the exponential distribution 1s
F(x)= Ae™, x>0

Here A = %
P(x>3) = cff(x)dx = ];'%e_% dx
P(X>3)=¢"

MGF is M, (1) =L




1
3
=

1
3
Mx(t) =L
1-3t
Note

If X 1s exponentially distributed, then
P(X>stt/x>5) =P(X>t), foranys, t>0.

11 GAMMA DISTRIBUTION

Definition

A Continuous random variable X taking non-negative values is said to follow
gamma distribution , if its probability density function is given by

['(k) = / *le*dz, ke (0,00)
0

,>0,0<x<w

f{x) =

=(), elsewhere

When a is the parameter of the distribution.
Additive property of Gamma Variates

If X1,X2 , X3,.... Xk are independent gamma variates with parameters Al,A2,.....A
krespectively then X1+X2 + X3+.... +Xk is also a gamma variates with parameter A1+ A2
+.....t Ak

Example :1.11.1

Customer demand for milk in a certain locality ,per month , is Known to
eneral Gamma RV.If the average demand is a liters and the most likely demand b

jarinnn~nn AfF tha AAarmranAn

o

@D

[<B)
(@)

a what 1c tha Fay
aj, WIildt 15 U vadrtclivt UT UTc utTiTiarius




Solution :

Let X be represent the monthly Customer demand for milk. Average demand is the
value of E(X).

Most likely demand is the value of the mode of X or the value of X for which its
density function is maximum.

If f(x) is the its density function of X ,then

ﬁX) =— xk-l e-).x e-l.‘( ; x>0

f(x) — [(k'l) xk-z e-).x - e-lx ]
=0 ,when x=0 , x=—

£ (x) =— [(k-1) X7 e™ - e™ ]

<0, when x=—

Therefour f{x) is maximum , when x=

1.e ;Most likely demand =——=b ot}
and EX)=- ... (2)
Now V(X)==— --

= a(a-b) From (1) and (2)

TUTORIAL QUESTIONS

1.1t is known that the probability of an item produced by a certain machine will be
defective is 0.05. If the produced items are sent to the market in packets of 20, fine the no.
of packets containing at least, exactly and atmost 2 defective items in a consignment of
1000 packets using (i) Binomial distribution (ii) Poisson approximation to binomial




distribution.

2. The daily consumption of milk in excess of 20,000 gallons is approximately
exponentially distributed with . 3000 = 0 The city has a daily stock of 35,000 gallons.
What is the probability that of two days selected at random, the stock is insufficient for
both days.

3.The density function of a random variable X is given by f(x)= KX(2-X), 0<X<2.Find K,
mean, variance and rth moment.

4.A binomial variable X satisfies the relation 9P(X=4)=P(X=2) when n=6. Find the
parameter p of the Binomial distribution.

5. Find the M.G.F for Poisson Distribution.

6. If X and Y are independent Poisson variates such that P(X=1)=P(X=2) and
P(Y=2)=P(Y=3). Find V(X-2Y).

7.A discrete random variable has the following probability distribution
X: 0 1 2 3 4 5 6 7 8

P(X) a 32 ba 7a 9a 1la 13a 1lba 17a

Find the value of a, P(X<3) and c.d.f of X.

7. In a component manufacturing industry, there is a small probability of 1/500 for any
component to be defective. The components are supplied in packets of 10. Use Poisson
distribution to calculate the approximate number of packets containing (1). No defective.
(2). Two defective components in a consignment of 10,000 packets.




WORKED OUT EXAMPLES

Example 1
Given the p.d.f of a continuous random variable “X’ follows

6x(1-x), D<x<l N
Fix)= - Lfind cd.f for ‘X’
0 otherwise
Solution
- 0 |
Given f(x)= OX(L=%), ek <.
0 otherwise

The c.d.f isF(x)= | f(x)dx, —0 <X <o
(1) When x <0, then
F(x) = | f(x)dx

= I 0 dx =0
(11) When 0<x <1, then
F(x) = [ f(x)dx

— (f f(x)dx + }f(x)dx

X X x2 x3 x
=0+ [6x(1-x)dx =6[x(1-x)dx =6| ———
0 0 2 3

0

= 3x*-2x’
(111) When x > 1, then

F(x) = | f(x)dx
= (j) Odx + j6x(1—x)dx + T 0 dx
- 0 0

|
=6 [(x-x")dx =1
0
Using (1), (2) & (3) we get
0, x <0
F(x)=4¢3x*-2x’, 0<x<l

| X

2




Example :2

A random variable X has the following probability function

Values of
X
Probability
P(X) a a a a la 3a Sa 7a
(1) Determine the value of “a’

(11) Find P(X<3), P(X>3), P(0<X<5)
(1)  Find the distribution function of X.

Solution
Table 1

Values
of X

p(x)

Ta

(1) We know that 1f p(x) 1s the probability of mass function then
8
D.p(x)=1

=0

p(0) +p(1) + p(2) + p(3) + p(4) + p(5) + p(6) + p(7) + p(8) = |

a+ 3a+5a+7a+9a+1la+13a+15a+17a = 1
8la = 1
a = 1/81
put a=1/81 in table 1, e get table 2
Table 2
X
=X
P
(x) /81 | /81 /81 /81 /81 1/81 3/81 5/81 7/81
(if) P(X < 3) = p(0)+ p(1) + p(2)
= 1/81+ 3/81 + 5/81 =9/81
(1) P(X=3) =1-p(X<3)
=1-9/81 =72/81
(m) P(0<x<35) =p(1)+p(2)+p(3)+p(4) here 0 & 5 are not include

=3/81 + 5/81 + 7/81 + 9/81
3+5+7+8+9 24

81 81




(1v) To find the distribution function of X using table 2. we get

-— = F(X)=P(x<x)

0 F(0) =p(0)=1/81

; F(1) =P(X<1)=p(0)+p(l)
=1/81 + 3/81 = 4/81

5 F2) =P(X<2)=p(0)+p(1)+p(2)
=4/81 + 5/81 =9/81

3 F(3) =P(X<3)=p(0)+p(1)+p(2)+p3)
=9/81 +7/81 = 16/81

4 F(4) =P(X<4)=p0)+p(l)+ ...+ p(4)
= 16/81 + 9/81 =25/81

5 F(5) =P(X<35)=p0)+p(1)+.....+p(4)+p(5)
=2/81+ 11/81 =36/81

6 F(6) =P(X<6)=p0)+p(l)+ .....+p(6)
=36/81 + 13/81 =49/81

2 F(7) =PX<7)=p0)+p(1)+ ...+ p(6) +p(7)
=49/81 + 15/81 = 64/81

3 F(8) =PX<8)=p0)+p(l)+.....+p(6)+p(7)+p(8)

=64/81 + 17/81 =81/81=1




Example :3
The mean and SD of a binomial distribution are 5 and 2, determine the distribution.
Solution

Given Mean=np=35 (1)
SD = \/npq=2 (2)
B oom B o 4
(1) npq 5 5
. i ] _i - l = —l
il o 0
Sub (3) in (1) we get
nxI/5=5
n=25
.. The binomial distribution is .
P(X =x) = p(x) =nCxp q"
= 25C(1/5)"(4/5)™, =0 1,2, ....°25

Example :4
If X 1s a Poisson variable

P(X=2) =9 P(X = 4) + 90 P(X=6)
Find (1) Mean if X (11) Variance of X
Solution
Py =2 w012
Given P(X = 2) =9 P(X = 4) + 90 P(X=6)
e-).;\'l e-).}\'4 e-}.;\'()
=9 +90
21 41 6!
1 92* 90Ar*
—=
2 l 6!
i 5> i
—T — + e
92 R 8
- 302 E
4 4
A 4302 -4=0
A= or AZ=4
A=%1 or A=12i1

Mean=A =1, Varlance=A =1
Standard Deviation= 1




Year/Semester: |1 / 04 CSE

2020 — 2021

Prepared by
Dr J FARITHA BANU
Professor / CSE




CS8493:0PERATING SYSTEM

2020-2021

Department of CSE

Jeppiaar Institute of Technology




	“Self-Belief | Self Discipline | Self Respect”

