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MAB8451 PROBABILITY AND RANDOM PROCESSES LTPC
4004
OBJECTIVES :
e To provide necessary basic concepts in probability and random processes for applications

such as random signals, linear systems in communication engineering.

andom variables
ich can describe

e To understand the basic concepts of probability, one and two dimensional
and to introduce some standard distributions applicable to engineering
real life phenomenon.

e To understand the basic concepts of random processes which are widely us
e To understand the concept of correlation and spectral densities
e To understand the significance of linear systems with rando

UNIT | PROBABILITY AND RANDOM VARIABLES

Probability — Axioms of probability — Conditional
continuous random variables — Moments — Moment ge
Geometric, Uniform, Exponential and Normal distributions.

ility — Bayc"s et - Discrete and
ing functions — Binomial, Poisson,

UNIT Il TWO - DIMENSIONAL RAN 12

regression — Transformation of random ‘Vvariables
identically distributed random variables).

TOTAL :60 PERIODS

OUTCOMES:

Upon successful completion of the course, students should be able to:

e Understand the fundamental knowledge of the concepts of probability and have knowledge of
standard distributions which can describe real life phenomenon.
e Understand the basic concepts of one and two dimensional random variables and apply in
engineering applications.
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e Apply the concept random processes in engineering disciplines.

e Understand and apply the concept of correlation and spectral densities.

e The students will have an exposure of various distribution functions and help in acquiring
skills in handling situations involving more than one variable. Able to analyze the response of
random inputs to linear time invariant systems.
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Subject Code: MA8451 Year/Semester: 11 /04
Subject Name: Probability & Random Processes Subject Handler: Mr.C.Senthilkumar

UNIT I -PROBABILITY & RANDOM VARIABLES

Probability — Axioms of probability — Conditional probability — Baye‘s theorem - Discrete and continuous random variables —
Moments — Moment generating functions — Binomial, Poisson, Geometric, Uniform, Exponential and Normal distributions.

PART *A

Q.No. Questions

Find the probability of a card drawn at random form an ordinary isad

Total number of ways of getting 1 card = 52
Number of ways of getting 1 diamond card is 13
1. Number of favourable events

Probability = -
Number of exhaustive events
_18_1
52 4

A bag contains 7 white, 6 red and 5 black balls are d

they both will be white. BTL2

t random. Find the probability that

Total balls = 18

From these 18 balls 2 balls can be drawn in 18C, wa

Therefore num ses =21

.,of favourable events
Total no., of cases

Probabili

Write the axio

Let Sbheasa ace. To each event A, there is a real number P(A) satisfying the following axioms.

3 (1) For any event A, P(A)>0

(i) P(S) =1

@) If A LA, ..., A, arefinite number of disjoint events of S then
P(AALUA, UA, U..)=P(A)+P(A)+P(A)+...
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A and B are events such that P(AuU B)_— P(AN B)—% P(K):%, Find P(A/B).(Nov/Dec-2019) BTL2
P(AUB)=P(A)+P(B)-P(ANB)
3 1 1
S ZZipB)-=
4 3 () 4
P(B) = 2
_ 2 1
P(K/B):P(AmB): P(B)-P(ANB) 3 4 _5
P(B) P(B) 2 8
3

Define Baye’s theorem. BTL1

Let A ,A,,..., A, be ‘n’ mutually exclusive and exhaus ri=1.2,..n. Let ‘B’ bean

event such that BCUA. P(B) = 0 then P(A /B)=—

1=1

jon that assj umber X(S) to every element se€S where ‘S’ is the
sample space correspondigg'to a random e .

is a legitimate probability mass function of a discrete random variable X,

Sincez p(x) =1, the given function P(x) is a legitimate probability mass function of a discrete random variable
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‘X,

A random variable X has the following probability function.

X=X 0 1 2 3 4 5 6 7 8
13a 15a 17a

11a

P(X) a 3a 5a 7a %9a

Find the value of ‘a’. BTL5

8 > P(x)=1
a+3a+5a+7a+9a+1la+13a+15a+17a=1
8la=1
1
a=—
81
If the random variable X takes the values 1, 2, 3 and 4 such that PPX=2] = P[X=3] = 5P[X=4].
Find the probability distribution (Nov/Dec 2016) BTL
Let P[X=3] =k
k
2P[X=1]=k = p[X =1]= 5
k
3P[X=2]=k = p[X =2]= 3
9
We know that > P
Thep
X 2 3 4
P(x) 10 30 °
61 61 61
%; x=0
Find the variance of the discrete random variable X with the probability mass function P.(X)= 2
—Xx=2
10 3’

(Nov/Dec 2015, Nov/Dec 2015) BTL3
The probability distribution of X given by
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X 0 2

P(x)

w|
w (N

w| s

4
3

E[X]=ZxP(x)=(0)(1j+(2)(§j=0+

E[X 1= x*P(¥)= (0)° [ j+(z) @ °
z :_8_(4)_8_16
VarX =E[X 2]-(E[X]) =3 (3) 30

2

Test whether the function defined as follows a density function ? 2X) 2<x<4 BTL4

X>4

4 4
11 1 1 4
fxdx:—3+2x 3(x), +2
Jrogax=J 5 8{ (x); [
1
=—|3(4-2)+(16-4)[=—(18)=1
[Ba-2)+as-a)-9)
Hence the given function is i n?
>
Show that the functi ~ 7 is a probability density function of a random variable X. BTL5
12
~1]=1
function is a density function
ntinuous random variable with the probability density function
. Find P(X>1). BTL3
otherwise
13 5 \2 a\2
§(2x—x2 )dx=§ o X | X
4 4 2 ) \3),
_3 (4_1)_@_1) 1
4 3 3)] 2
14 | A random variable X is known to have a distributive function F(x)=u(x)l—e™'"*|[b>0 is a constant.
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Determine density function. BTL 3
f(x)=FX(x)=di uf-e" |
X

:u(x)(exz”’(— %) ]+u’(x)(1— e ’b)

zsxu(x)e‘xz’b +u’(x)(1—e‘x2“’)

2

X
If f (x)=?,—1< X<Z2js the PDF of the random variable X then find P[0<X<d]. ( 2018) BTL3
15 1,2 3t
[tooax=[ax=2| X | -2p—o]-=
0 3 313, 9 9
. . - . . 0<x<1 .
A continuous random variable X has probability den functio ~ Find ‘K’ such
otherwise
that P[X>k]=0.5 . BTL4
1
= [ f(x)dx=05
k
16 3x2dx=0.5
=
P[X>k]=05 «
:3[
17
P[x >1}1_p[x gi}zl_p[l}l_[hi}l
4 4 4 4 2] 4
Find the moment generating function of Binomial distribution. (May/June 2013) BTL3
18 The P.M.F of Binomial distribution is P[X =x]=nC_p*q™ ™, x=012,...,n
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n n atx Xy N—X
M, 0= e*pg =35 "
x=0

x=0

n nCan—x (pet )X

x=0

n

:nCOq”‘O(pe‘)°+ nClq”‘l(pe‘)1+ nC, nCOq““’(pe‘)Oq”‘z(pe‘)2 +...+nqu“‘"(pe‘)
=q" +nC1q“‘1(pet)+ nCZq“‘Z(pe‘)2 +...+(pe‘)n :(q + pe'

The mean & variance of Binomial distribution are 5 and 4. Determine the
BTL4

istribution.(Apr/May 2015)

Given: Mean = np =5, variance =npq =4

4
q q 5
4 1
:1— =|—— —_
Y q 5
1
19 npzn[gJ:S:n:ZS
The P.M.F of the binomial distribution is
P[X =x]=nC,p*q"™ x=012,..n
P[X = x]=2scx(1j (fj ,x=012,...,25
D p 4
Balls are tossed at 0 50 boxes. Find the expected number of tosses required to get the first ball
in the fourth box.
20
E[x]= 1_ 50
sses to get the first ball in the fourth box = [X]—B—
A random va is uniformly distributed between 3 and 15. Find the variance of X. (Nov/Dec 2015)
BTL3
Var X =
21.
2
_(15-3) _4a
12 12
22. | Messages arrive at a switchboard in a poisson manner at an average rate of six per hour. Find the
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probability for exactly 2 messages arrive within one hour. (Apr/May 2018) BTL3

Mean=A4= 6 per hour

-1 79X —6 X
PIX :X]:e A _& 6
X! x!
—6n2
P[X =2]=% 2? ~0.0446
Find the moment generating function of Poisson distribution. (Nov/Dec 2014, Apr/May 2015) BTL2
-4 X
P[X = x]=2 f X=012,... A>0
X!

M, 0=Ee1=3° P

23 © N efﬂ/lx
The P.M.F of Poisson distribution is :Ze "
its mean and variance. (May/June 2016)
BTL3
t
w -tz L
81
24,
E , q :E , n= 4
3 3
If X and Y areiindependent random variables with variance 2 and 3. Find the variance of 3X+4Y.
(May/June 2014
25. Given : Var(x)= 2 and Var(y) =3
Var(ax+bY)= a?Var(X) + b?Var(Y)
Var(3X+4Y) = 9(2)+16(3)=66
cxe™ x>0 ) ) )
26. |If f(x)= is the p.d.f of a random variable X. Find ‘c’. (NovDec-2019)BTL5
0 elsewhere
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T cxe *dx=1
0

0

W.K.T c{x(%)—(l)(ex )L 1

c[(0)-(0-1)]=1
c=1

Find the second moment about the origin of the Geometric distribution wigh parameter p.(Apr/May-

2019)BTL-3
Soln.

—_— —_— n_l —_—
WKkt Geometric distribution with parameter p is PIX=x]=pg™" n=012,

27.
M " (O) :1+ q
Therefore the second moment about the originis p°
PART *
A random variable X has the following probability distribut
X=x -2
P(X=x) 0.1
1

VarX =E(X?)-[E(x)[

e Using > P(x)=1, we havek = % (1M)

o P(X<2)=0.5, P(-2< X <2) =§. (2M)

JIT-JEPPIAAR/ECE/Mr.C.SENTHILKUMAR /I1Yr/SEM 4/MA8451/PROBABILITY & RANDOM PROCESSESS/UNIT 1-
5/QB+Keys/Ver3.0

1.12




REGULATION :2017 ACADEMIC YEAR : 2020-2021

e C.D.F,F(-2=0.1, F(-1)=0.17, F(0)= 0.37, F(1)=0.5, F(2)= 0.8, F(3)=1. (3M)
e Mean E(x) = % (2M)

A random variable X has the following probability function

X 0 1 2 3 4 5 6 7

P(X) 0 K 2k 2k 3k K2 2k? 7k2+k

Find (i) the value of ‘k’
(ii) Evaluate P[1.5< X <4.5/X > 2]

1

(iii)  The smallest value of A for which P[X <A]> ay/June 2012,

May/June 2014, A/M 2015) BTL5
Answer: Page: 1.74-Dr.A.Singaravelu

e Total Probability » P(x)=1
e CD.FF(X)=P(X <x)=)> p(t)

t<x

e Mean E(x)=> xP(X)
e E(x*)=>.x’P(x)
e VarX =E(X?)-[EMF

/

e Valueof k= (2M)
.« PL5< =P[1.5< X <45nX >2]=§ (3M)
P(X >2) 7
(3M)

andom variable X is given by P(X =r) = kr®r=1,2,3,4 Find the value

(x)=P(X <x)=>_ p(t)

t<x

e Mean E(x) =) xP(x)
e E(X*)=> xP(x)
o VarX =E(X?)-[E(X)]
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e Valueof k= i (2M)
100

P(1<X <ng >1j

. P(1<X<E/X >1j: 2 -8 (3M)
2 2 P(X >1) 99

e Mean E(X)=354, Var(X)= 0.4684. (3M)

If the moments of a random variable ‘X’ are defined by E(X") =0.6; r=1,23,... Show that P(X=0)=0.4,

p(x=1)=0.6, P(X22)=0 g1 5

Answer: Page: 1.70-Dr.G. Balaji

« M, (1)= E(e“)=§e‘*p(x)

tr

« M®=2—u
x=0 r:

. M (1) =itr—,ﬂr' —0.4+(0.6)'
x=0 '-

p(0)+e'p(1) Hez

But M (t) = E(e‘*)=ie‘* p(x) =

(3M)

(2M)

(x)dx=1 :>i k(l+ x)dx=1. (2M)

k=2 (3M)

e P[X <4]=j.f(x)dx:g. (3M)
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ax ,0<x<1

a A<x<2 .
If the density function of a continuous random variable X is given by f(x)= Find the
3a—ax,2<x<3
0 ,otherwise
value of ‘a, and find the c.d.f of X. (8M) (Apr/May 2015)BTL5
Answer : Page: 1.118- Dr. A. Singaravelu
0 1 2 3
o [f(0dx=1=[axdx+[adx+[@Ba-ax)dx=1 (IM)
—0 0 1 2
e Value of a=0.5. am)
e Forc.d.f, If x<0, F(x)=0. (aMm)
2
. |fosxsl,|:(x)=x7. (1M)
x 1
o 1<x<2,F(X)==-=. 2M
(%) > 2 (2M)
2
o 2<x<3,F(x)= —X—+§x—E , For x>3, F(x)
4 2 4
A continuous random variable ‘X’ has the function fi ven by . f(X)= >~ —o0 < X<ooFind
X
the value of ‘k’ and the cumulative distributi >.(8M) (Nov/Pec 2014, Apr/May 2018) BTL5

Answer: Page: 1.123- Dr. A. Singaravelu
k
1+ X3

o Tf(x)dx:1:>_1[

e The value of k =

(1M)

. E-(m/ 0] = (2M)
. .E(xz)z[MX”(t)Loz%. (2M)
« Var(\)=E(X)-[ECOF 2. (M)
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X ,0<x<1

For the triangular distribution f(x)=2-x,1<x<2 .Find the mean, variance, moment generating
0 ,otherwise

function. (8M) (Nov/Dec 2013) BTL5

Answer : Page: 1.180- Dr. A. Singaravelu

et —1f
9 L] Mx(t):E[etx]:[t—z] (3M)
e MeanE(X)= jx f(x)dx=1.  (2M)
2 K 2 7
o E(X?)=[x* f(x)dx -5 (2M)
e Var(X)=E(X?)-[E(X)f =%
6 (am)
X2 x50
Find the M.G.F of the random variable X having the pro ity density function f(x)=<4
0 ,elsewhere
(8M) (May/June2012, May/June 2014) B
Answer: Page:1.74-Dr. G. Balaji
[ J
[}
10
. (2M)
(1M)
(IM)
(1M)
t4
ient of Z=1920. (AM)
Find the MGF of the Binomial distribution and hence find the mean and variance. (8M)(Apr/May 2011,
May/June2019)BTL2
11

Answer : Page: 1.190- Dr. A. Singaravelu

e P(X)=nC,p‘q"™ , x=012,...,n. (1M)
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. Mx(t)zE[e“]=(q+pet)n. (2M)
e« Mean E(X):[MX'(t)] —np. 2M)
¢« EC)M O] -nptempa. @W)
e Var(X)=npa. (AM)

Derive Poisson distribution form Binomial distribution. (8M)(Nov/Dec 2014, Apr/May 2019)BTL?2
Answer : Page: 1.219 — Dr. A. Singaravelu

The Binomial distribution becomes Poisson distribution under the following conditi (2M)
e The number of trials is very large
e The probability of success is very small

e nNp= A
12
e P(X =x)=limnC,p*q" = fim L=k 2]
n—oo n—oo _l/ n)
-4 X
e P(x=x=24 (2m)
certain machine will be defective is 0.05. If the
d the number of packets containing atleast,
of 1000packets using binomial and Poisson
13
ining atleast 2 defective items= NP(X >2)=264. (2M)
ontaining exactly 2 defective items= NP(X =2)=189. (1M)
ackets containing atmost 2 defective items= NP (X <£2)=925. (1M)
packets containing atleast 2 defective items= NP(X >2)=264. (2M)
e Number of packets containing exactly 2 defective items= NP(X =2)=184. (1M)
e Number of packets containing atmost 2 defective items= NP(X <2)=920. (1M)
The number of monthly breakdown of a computer is a random variable having a Poisson distribution
14 with mean equal to 1.8. Find the probability that this computer will function for a month (1)without a

breakdown, (2)with only one breakdown and (3)with atleast one breakdown(8M) (Nov/Dec 2017) BTL5
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Answer : Page: 1.227- Dr. A. Singaravelu

-4 19X

Probability of Poisson Distribution P(X =x)= ¢ X'ﬂ
e P(without a breakdown) = P(X=0) = 0.1653. (2M)
e P(with only one breakdown) = P(X=1)=0.2975. (2M)

e P(with atleast 1 breakdown)=P(X >1)=1-P(X <1)=0.8347. (4M)

State and prove the Memoryless property of Geometric distribution.(8M)( Nov/Dec2015, May/June 2016)
BTL1

Answer : Page: 1.254- Dr. A. Singaravelu
Probability of Geometric distribution P(X=x) = q*p , x=1,2,...

15
e P[X>min/X>meX>mEnaX>m oo,
P[X >m]
e P[X>k]=q" (4M)
e P[X>m+n/X >m]=mz "
P[X >m]
If the probability that an applicant for a driver’s license ass the road test on any given trial is 0.8,
what is the probability that he will finally fourth trial, (b) in fewer than 4 trials.
(8M) (May/June2015) BTL5
Answer : Page: 1.137- Dr. G. Balaji
16
head occurs. Assuming that the tosses are independent and the probability
the value of ‘p’ so that the probability that an odd number of tosses is
ind a value of ‘p’ so that the probability is 0.5 that an odd number of
17
(M)
-1 _o0s
e P[X=odd number of tosses] 1+q (3M)
e g=1,p=0. (1M)
18 | Determine the moment generating function of Uniform distribution in (a,b) and hence find the mean and
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variance. (8M) (Nov/Dec 2017, Apr/May 2018) BTL2
Answer : Page: 1.256- Dr. A. Singaravelu

1
. b
The probability function of Uniform distribution is f(x)=1b-a asxs
0 ,otherwise
b bt at
M. ()=E[e*]={e™ f xdx=(e;e). 3M
o M, (O)=E[ ]! (k=" (@BM)
[ b+a
e Mean E(X)=_[xf(x)dx=T. (2M)
b 2 2
. E(x2)=jx2f(x)dx=%. M)
2
. Var(X)=(bIa) . (1M)

19

Suppose ‘X’ has an exponential distribution with m
P(X<x)=0.95. (8M) (Nov/Dec 2015, Apr/May 2017) BTL5

Answer : Page: 1.143- P. Sivaramakrishn

0, Determine the value of ‘x’ such that

20

Answer : Page:'4:274- Dr. A. Singaravelu

e x>0
0 ,otherwise

The probability function of exponential distribution is f(x)={

e P(the repair time exceeds 2h) P(X > 2)=J.%e‘x’2dx (2M)
2

o P(X>2)=0.3679. (2M)
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e P(X>10/X >9)=P(X >1)= j%eX’de. 2M)
1

e P(X>10/X >9)=0.6065. )

In a test 2000 electric bulbs, it was found that the life of a particular make, was normally distributed with
an average life of 2040 hours and S.D. of 60 hours. Estimate the number of bulbs likely to burn for
(i)more than 2150 hours, (ii)less than 1950 hours and (iii) more than 1920 hours but less than 2160 hours.
(8M) (Nov/Dec 2017) BTL5

Answer: Page:1.293 -A. Singaravelu

X—u
21 ¢ =
e P(more than 2150 hrs) = P(X>2150) =P(z > 1.833) = 0.5-P(Q ~ (2M)
e The number of bulbs expected to burn for more than 2150hg§ = 2000 ' (am)
e P(Less than 1950 hrs) = P(X< 1950) = P(z< -1.5) =0.5-P (2M)
e The number of bulbs expected to burn for less than 1950hrs = 134. am)
e P(more than 1920 hrs but less than 2160 hrs) = P < 2) =0.9546.(1M)
e The number of bulbs = 2000 x 0.9546 = 1909. am)
In a normal distribution 31% of the items are under 45 an are over 64. Find the mean and variance
of the distribution. (8M) (Nov/Dec 2012, No
Answer: Page: 1.295- A. Singaravelu
o 2-XTH
22 o
45— u=-0.49c. M)
o
: (1M)
(2M)
(2M)
at random and 2 balls are drawn. They happen to be white and red. What is the
23 | probability t ey came from urns I, 11, 111. (Nov/Dec 2019) BTL5

Answer: Page: 1.60-Dr. A. Singaravelu

Let A, A,,..., A, be ‘n” mutually exclusive and exhaustive events with P(A)#0 for[=1,2,...n. Let ‘B’ be an

event such that BcLNJAi ,P(B) =0 then P(A /B)= nP(A).P(B/A)
D P(A)-P(B/A)
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. P(E1)=P(Ez)=P(E3)=% (IM)
o P(A/E)=XE 2 p(arE,) =235 0 pag,) 3G 3 oy
6C, 15 6C, 15 6C, 15
. P, 18- PEIPAIE) 6
SP(E).P(AIE)
i (M)
. b n- PE)PAIE) 3
S P(E).P(A/E) M
i=1 M)
e P(EJA)=1- P(Ez/A)-P(Eg/A):l—Zl )

Joint distributions — Marginal and conditional
— Transformation of random variables — Ce
random variables).

Q.No

ability mass function of a two dimensional random variable (X,Y) is given by
y); x = 1,2 and y = 1,2 where ‘k’ is a constant. Find the value of ‘k’.(Nov/Dec

2 The joint pmf of (X,Y) is

1 2
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1 3k 4k

2 5k 6k
We have > > p(x,y)=1

Therefore, 3k + 4k + 5k + 6k =1

18 k=1 k=i.
18
The joint probability density function of the random variable§| (X, IS given by

f(x,y)=kxye ¥*) x>0,y >0. Find the value of ‘k’. (Apr/May 2015)
[ £ 0xy)dkxdy=1

TTkxye‘(X2+y2) dxdy=1
00

kjye‘yzdije‘xzdx=1 =t
0 0

2xdx = dt
< 2 7 dt dt
kfyeYdyle'—==1 xdx=—
! ye ¥ dy ! ; .

gTye‘yz [e] ay=1
0 0

K 0+1fy =1 /
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jjf(x, y)dxdy=1

jlc(l—x)(l—y)dxdyzl
cj‘(l— y)dyj.(l— x)dx=1
r y2 1 X2 1 B
I
i)
2 2

()

()

o
N |-
| |
1
N |-
1
Il
H

(@]
|_|_|
Il
[EE
(@]

Il
N

The joint pdf of (X,Y) is fxy(X, y)=xy2 +%,0_ X < y<1. Fin <Y). (May/June 2013,

Apr/May 2019)BTL5

yt oy
—+—d
2 24} y

0

1 53
1-0)+ —(1-0)=—r0
(1-0) 96( )480
,0<x,y<2
. _Find P[X +Y <1]BTL5
,otherwise
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§(x+ yz) ,0<xy<1

Find the marginal density function of X and Y if f(X,y)=45 (Nov/Dec
0 ,otherwise
2012) BTL5
Marginal density function of X is
L= 1oy dy=] S y2 iy =S wy s L 1—9{“1} 0<x<1
" ’ 25 5 3], 5L 3]

Marginal density function of Y is

=] T[Sy =51 oy g3y

The joint probability density function of the
-5y
fx )_{25e ,0<x<0.2,y>0

= ) .Find the mar
0 ,otherwise

PDF of X' /Dec 2016) BTL5

Marginal density function of X is

If X and
f(x,y)

-x-Y¥),0<x< <4 .Find P[X+Y<3]. BTL5
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REGULATION :2017

P[X +Y <3]=

|, |k

2

27 l(O)} 18(2)——(4)+ +

18-+ ¢
} 24

[ 45 19 1

4xy ,0<x<1, 0<y<1
0 ,otherwise

Let X and Y be random variables with joint density f jon f(x,y)=

Find E[XY]. BTL5

E[XY]:”xyf(x, y)dxdy:”xy( y)dx dy
10 00

11

e indépendent, then Cov(X,Y) =0.

X 1

Two random variables X and Y have the joint pdf f(X,y)= 96
0 ;otherwise

12
Cov(X,Y). (May/June 2016) BTL5
Cov(X,Y) = E[XY] - E[X]E[Y]

5/QB+Keys/Ver3.0
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E[X]=] [x f (x, y)dxdy ﬁx("dexdy ——jyolyfx2 dx

27°r 3 71%
] e
1 0

54 Xy 1 5 , 4
E[Y]=”y f(x,y)dxdy =”y(%jdxdy :%Iy dijdx
10 1 0

::i{y—s}s{x—z}: 51 [125-1]16]= ?;1

96| 3 || 2] 576

E[XY]= ”xyf(x y)dxdy = ﬁxy( )dxdy iyzdyixzdx

:9_16[%”%} S R (1

o] {2}

248

13

be constants. Prove that

Let X and Y be any two random variab o]

Cov(aX,bY)=abCov(X,Y). BTL5

Cov(X,Y) = E[XY] -E[X]E[Y]
Cov(aX,bY)= E[aX bY] — E[aX] E[bY]

If X1 has mean 4 and variance 9 while X2 has mean -2 and variance 5 and the two are
independent , find Var(2X1+X2-5). BTL3

15 E[X1]=4 , E[X2] =-2
Var[X1] =9, Var[X2] =5
Var(2X1+X2-5) =4 VarX; + VarX;
=4(9) +5=41.
16 | If X and Y are independent random variables then show that E[Y/X] = E[Y], E[X/Y] = E[X].
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(Nov/Dec 2016) BTL5
f(x,y)
EIY/X|=]y.
[/ x]=]y.~ =
Since X and Y are independent,

el 1x]= [y ay=[ vt ay = E)

dy

F(x,y)
E(X/Y|=| x—24d
A T

Since X and Y are independent,

E[X /Y]=Ix.%dx=jx. f (x)dx = E[X]

17

Find the acute angle between the two lines of regression. (A
The equations of the regression are

br/May 2019) BTL3

. . o
Slope of line (1) is m, =r—=

X

, : 10
Slope of line (2) is m, =

If @is the acute angle
m, —m,|

18

The regression equations are 3x + 2y = 26 and 6x + y = 31. Find the correlation coefficient
between X and Y. BTL5
Let 3x + 2y = 26 be the regression equation of Y on X.

Therefore, 2y=—3x+26 = y:—gx+2—26.

The regression coefficient b, = —g
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Let 6x +y = 31 be the regression equation of X on Y.

Therefore, 6x=—y+31 = x:—%y+%

The regression coefficient b, = —%

Hence, correlation coefficient ryy is given by

f -3\ -1 1
rxy =i1,byx Xbxy == (7)(€]:i \/;=i 0.5

=-0.5, since both the regression coefficients are negative.

The two regression equations of two random variables X and Y are 4x — By +
20x — 9y =107. Find the mean values of X and Y. (Nov/Dec 2015) BTL5
Replace x and y as x and y, we have

191 4x-5y=-33 —————- @
20x -9y =107 —————— (2)
Solving the equations (1) and (2), we have X =13and, y =17
Can y=5+2.8x and x=3-0.5y be the estimated ssion eqU 2 on x and x on y

20

respectively, explain your answer. (Nov/Dec 201
Since the signs of regression co-effieients are not the
regression equation of y on x and x on y.

, the given equation is not estimated

If X has an exponential distribution df of y=+/x.BTL3

y=vVx=x=y’

Since

follows a normal distribution with mean nz and variance noas n — o

23

X+Yy,0<xy<1
0 ,elsewhere

have joint pdf of f(Xx, y):{ . Check whether X and Y are
independent. BTL4

The marginal function of X is
1

1 y2 1
f(x):j(x+ y)dy=| xy+-— | =x+=, 0<x<1
0 2 0 2
The marginal function of Y is
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1

: X2 1
f(y)=|(x+y)dx=| —+ =y+—, O<y<1
(y) !( ) {2 y} Y+, 0<y

1 1 1 1
Now, f(x).f(y):(x+§j(y+5j=xy+a(x+ y)+Z¢ X+ y= f(x,y)

Hence X and Y are not independent.

Assume that the random variables X and Y have the probability density function f(x,y). What
is E[E[X/Y]]? (Apr/May 2017) BTL5

E[x /v]]:_TE[x IY]H(y)dy

= fo(x/y)dx f(y)dy
24 = [ [xf(xty) t(y)dxdy
= [x[ f(xy) dydx
= jx f (x)dx=E(X)
Define the joint density function of tWo randomivariables X and Y. BTL1
If (X,Y) is a two dimensional conti i
each (X,Y) a real number f(x,y) for all real x,y then f
25 | f(x,y) satisfies the following conditions

Part*B

by P(x y) = k(2x + 3y), x=0,1,2 ; y = 1,2,3. Find all the marginal
utions. Also, find the probablllty distribution of (X+Y).

(IM)
ibution of X: P(X :O):g, P(X =1)=E, P(X =2)=% (am)
o imal distribution of Y: P(Y = 1)— P(Y 2)—— P(Y = 3)—— (am)
e Conditional distribution of X given Y: P[ =x 1Y = yl]:% %11 (1M)
o P[X=x /Y:yz]:%,%,%. (1m)
o P[X=x /Y—y3]=%,%,;—2. (1M)
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e Conditional distribution of Y given X: P[Y =y, / X _xo]—% % % (IM)
5111
Py =y, /X =x]=2,2,=. M
« PYV=vi/X=x]=n2o] (1M)
7 113
PIY=y. /X =X, |=—,=,—. M
o« PY=vi/X=xl=0025s (1M)
e Total probability distribution of X+Y is 1. (1M)

The two dimensional random variable (X,Y) has the joint pmf f(x,y)=

Find the conditional distribution of Y for X=x. (8M) (Nov/Dec 2017) BT
Answer : Pg. 2.13 - Dr. A. Singaravelu

Marginal distribution of X: P(X = 0):£, P(X =)=

Marginal distribution of Y: P(Y = O)_— P(Y = 1)_27

Conditional distribution of Y given X: P[Y (2M)

115
Y=y /X=x]|==,=~
® [ yl 1]939
111

P[Y =y, /X =x,]==,=,= 2M

o« PY=y/X=x]=2.220 (2Mm)

Three balls are drawn at random wi

emeng from a box containing 2 white, 3 red and
4 black balls. If X denotes the number of whi

rawn and Y denote the number of red

balls drawn, find the joint probability distributién” of (X,Y). (8M)(Apr/May 2015, May/June
2016) BTL5
Answer: Page: 2.20-Pr. G. Balaji
e Let Xden ber of white'Balls drawn and Y denote the number of red balls drawn.
3 1 1
P(X=0Y =1)=—,P(X=0,Y =2)==,P(X=0,Y =3)=— (3M
( )=25P )=2.P( )=5s ©W)
2 1
=1)==,P(X =Y =2)=— 3M
)= P( =% (3M)
,P(X=2Y =1)=i (2M)
21 28

al density function of X : f (x)= j f(x, y)dy

e Marginal density function ofY: f(y)= jf(x y)dx

e XandY are independent if f(x,y) = f(x). f(y)
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Kxye~ be+y? dxdy 1=>K=4, (2m)

|

e Marginal density function of X : f(x):j nye=(xz+y2)dy=2xe‘X2 . (2M)
0

o t—38

e Marginal density function of Y : f (y):j nye:(xz+y2)dx:2ye‘y2 . (2M)
0

f(x). f(y) = 2xe . 2ye " = dxye ) = £ (x, y). M)

Given f, (X, y)=Cx(x-y),0<x<2,-x<y<x and 0 elsewhere. (a)Evaltiate C; (b)Find fx(x) ;

(©) fy,x(lj (d)Find fy(y). (8M) (May, June 2013May/June 2016)BTL5
X

Answer : Pg. 2.40 — Dr. A. Singaravelu

j j f(x,y)dxdy=1

—00—00

e Marginal density function of X : f(x)= J. f(

o0

e Marginal density function ofY: f(y)=

1 y 5
X(X=y)dx,if —2<y<0 ==-Z4+—
x(x—y) y 3 7 28
(3M)
1 vy 1
dx,if0<y<2 =—-Z4+—
y) y 3 4 28y

of (X,Y) is given by f(x,y)=e* 0<x,y<ow. Are X and Y independent.

ec 2015, Apr/May 2018) BTL4
Answer : Page:2.28 — Dr. A. Singaravelu

e Marginal density function of X : f(x)= I f(x,y)dy

e Marginal density function ofY: f(y)= J' f (X, y)dx

e Xand Y are independent if f(x,y) = f(x). f(y)
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o f(X)= j ey =e™. (3M)
0

o f(y)= j e Vdx=e, (3M)
0

f(x).f(y)=e*e Y=Y = f(x,y). (2M)

two dimensional ,Y) is given by

The joint p.d.f of a
2
f(X,y)—Xy +§'OSXS2’OSyS1C0mpUte (l) P(X >1/Y <E)’ (”)

random variable

(i) Px<), (iv) PX+Y <D @m) (Apr/May 2017) BTLS

Answer : Pg. 2.43 — Dr.A. Singaravelu

P(X S1Y <t j
2

. P(X >1/Y <§j: 1
P(Y <j
2

I
‘m -l>\|—‘|§‘0‘l
I
o | o

al density function ofY: f(y)= I f(x, y)dx
. : : : _ _fixy)
nditional density function of X given Y: f(X/Y)= ty)
y
The conditional density function of Y given X: f(Y/ X):%
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2y
1
. !!kdxdy=1:>k=§. (2M)

. f(x):_z[%dy:%(Z—x),O <x<1 (2M)

y

o f(y) =j 0<y<2 (2M)
o f(X/Y):§,0<x<y am)
. f(Y/X)=ﬁ,x<y<2 (1M)

If the joint distribution function of X and Y is given by
Find the marginal density function of X and Y. Check if
P(1<X<3/1<Y<2). (8M) (Apr/May 2015, May/June 2016) B
Answer : Pg. 2.50 — Dr. A. Singaravelu
2
® f(X, y)_a F(X y) x+y
oxay

f(x) :je"x+y)dy=e’x
0

f(y)= j e Vdx=e,
0

f(x).f(y)=e*e Y=Y =1f(xy). (2

_(1—52 1 ej.(z
e

e P(l<X<31<

10

relation between X and Y from the data given below.(8M) (May 2016) BTL5

67 68 69 70 72
68 72 72 69 71
(IM)
(IM)
HZXZ—K2 =2121 o)
. 0y=‘/%ZY2—Y2 =2.345 (2M)
. r(X,Y)=%)O(_’yY):O.6031 (2M)

11

Let X and Y be discrete random variables with pdf f(x,y)= 21y x=123,y=12. Find
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p(X,Y)(8M) (Nov/Dec-2019)BTL5
Answer : Pg. 2.78- Dr. A. Singaravelu

. E(X):fo(x)=;—i (1M)
¢ EM=Xyf)-2 am)
¢ E(X)-XX f-T (am)
. E(Yz)=Zy2f(y)=Z (M)
¢ Varx=of-E(X)-[ECOF -2 (M)
o VarY=ol-E()-[EMF-12 (M)
. E(XY)=nyf(x,y)=;—i (M)

Cov(X,Y) -6
173.20

o r(X,Y)= =-0.035

(

Oy

If the joint pdf of (X,Y) is given by f Py - (8 M) (May/June 2014)

(IM)
12
(IM)
(IM)
11 11
= E(X E(X)[ =—, VarY = E M
o-<>[<>] T a(v)[(v>]144<)
Cov(X,Y) = E(XY) — E(X). E(Y)_Ti (aM)
Cov(X,Y) -1
XY)=—"—"—"""=—
o 1 ) c,0, 1 (1M)
4ax,0<x<1
Two independent random variables X and Y are defined by, f(x)= TS .
13 0 ,otherwise

4by,0<y<1
f(y)= .. Show that U=X + Y and V=X - Y are uncorrelated. (8 M)(May/June
0 ,otherwise
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2013) BTL4
Answer : Page: 2.105 — Dr. A. Singaravelu

. .([f(x)dx=1:>a:%; jf(y)dy:1:>b=%(1M)

. EQU)= E(X)+E(Y)_§ %:%. 2M)
. E(V)=E(X)—E(Y)—§—§=O. (2M)
. E(UV)=E(X2)—E(Y2)=%—%=O. (2M)

e Cov(U,\V) = E(UV) — E(U).E(V) =0. (1M)

14

If X and Y are two random variables having joint pdf f(x, 8 X — V)5 © <y<4. Find
(i)r,, (IP(X<1/Y<3) (8 M) BTL5
Answer : Page :2.109 - Dr. A. Singaravelu

o f(X)= I 6 X— ydy_6 42X
28 (IM)

. f(y j'

15

f regression are 8x — 10y +66 = 0; 40x -18y -214 = 0. The variance of ‘x’ is 9. Find
ues of ‘x” and ‘y’. Also find the correlation coefficient between ‘x’ and ‘y’.(8 M)
15, May/June 2016) BTL4

Answer: Page : 2.129 — Dr.A. Singaravelu

o Xx=13,y=17

e From first equation x = % y—% =b, :% : (2M)

e From the second equation y= ﬂx—ﬁ =b, = 40 (am)
18 18 18"

e Correlation coefficient r=1.66 which is not less than 1. (1M)
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e Now, From first equation y = 8 X+ 66 =b, :E . (1M)
10 10 10

e From the second equation x= 18 y—+ﬁ =b, _18 .(1M)
40 40 40

e Correlation coefficient r=+0.6. (2M)

16

If the pdf of a two dimensional random variable (X,Y) is given by f(x,y)=x+y,;0<(x,y)<1.
Find the pdf of U=XY. (8 M) ( Apr/May 2015, Nov/Dec 2019) BTL4

Answer : Page : 2.156 — Dr.A.Singaravelu
e Take u=xy and v=y.
OX OX
o(x.Y) _lou ov|_1
J=—"—""= ==. 2M
au,v) |y oy v (M)
ou ov

. f(u,v)=|J|f(x,y)=1+\:‘—2. (3M)

o f (u)=j(1+ \;J—szv:Z—Zu . (3m)

17

random variable having the joint

ction of U=+vX?+Y?. (8 M)

Let (X,Y) be a two-dimensional non-negative contin

—(x2+y2)
density f(x,y)= {gxye '

the density

(May/June 2016, Apr/May 2018) BTL
Answer : Page : 2.179 — Dr.A. Singaravelu

e Take u®>=x"+y?

18

endent random variables with pdf e™,x>0;e™”,y > 0respectively. Find

and V=X + Y. Are X and Y independent? (8 M) (Nov/Dec

X+Y

Answer : Page : 2.176- Dr. A. Singaravelu
e Take U = and V=X +Y.

X+Y
x o
3294Y) Jou av|_, (2M)

“o(uv) oy oy

ou ov
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o f(uV)=P|f(xy)=ve™. (1M)
. f(u)=T(veV)dv=1 (2M)
o f(v):T(veV)du =ve . (2M)

o f().f(v)=1l.ve"' =ve'=1f(u,v). (1M)

If X1, X2, ..., Xn are Poisson variables with parameter A =2, use the central limit theorem to
estimate P(120 < Sn < 160) where Sn = X1+ X2+...+Xn and n=75. (8M) (Ap/May-2019)BTL5
Answer:Page: 2.187-Dr.A. Singaravelu

. nu=150;no=+/150.

S,—n -30
19 o z=2"H.yf5 120,72 |
on " V150
10
o IfS,=160,2=—— . 2M
V150 (M)
e P(120<S, <160)=P(-2.45<S,<0.85)= 5)=0.7866 . (3M)

Q.Ng

Define a random process

give an exaMMay une 2016) BTL1
A random process is a ion of randonm¥variables {X(s,t)} that are functions of a real variable, namely time

2t Jif tail shows

L1 <t where seS (Samp t e T (Parameter set or index set).
Example: X (t)= @is uniformly distributed in (0,27), where ‘A’ and “ @’ are constants.
State the two .BTL1
2 | The four ty i re Discrete random sequence, Continuous random sequence, Discrete
i process.
with an example.(May/June 2016) BTL1
3 ion or averages do not depend on ‘t’, then the random process {X(t)} is called
Example: A Be I proeess is a stationary process as the joint probability distribution is independent of time.
Define first Statiomary process. (Nov/Dec 2015) BTL1
4 A random pro (t)} is said to be a first order stationary process if E[X (t)]= 4 1S a constant.
Define strict sense and wide sense stationary process.(Nov/Dec 2015, Apr/May 2017, Nov/Dec 2017) BTL1
A random process is called a strict sense stationary process or strongly stationary process if all its finite
dimensional distributions are invariant under translation of time parameter.
5 A random process is called wide sense stationary or covariance stationary process if its mean is a constant and
auto correlation depends only on the time difference.
. : . sin zt ,if head shows _. .
6 | In the fair coin experiment we define {X(t)} as follows X(t)={ Find E[X(t)] and find
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F(x,t) for t =0.25. (Nov/Dec 2016) BTL3

P[X (t)=sin ﬂt]% : P[X(t):2t]=%

E[X(®)]=> X ) P[X (t)]=sin m@j + 2t(%j=%sin e+t

When t = 0.25, P[X (0.25)=sin 7(0.25)]= P{X(O.25):%} :%

P[X (t)=2(0.25)]= P[x (t)=% }%
Hence F(xt) for t= 0.25 is given by
0 ,x<0
Fu={5 2= x<%
1
1 ,x2 ﬁ

Prove that a first order stationary random process has a co
f[X(t)] = f[X(t+h)] as the process is stationary.
E[X(t)]=jX(t) f[X(t+h)]d(t+h)

t+h=u=d(t+h)=du
Put = j X (u) f[X (u)]du
=E[X(u)]

t mean. (Apr/May 2011) BTL3

Therefore , E[X(t)] is a

What is a Markov p

to be a Markov process if for every t< t1 < to <.t
Xo 10 Xt o) # Xy g 0o X () = %o } = P{X(t,) < X,/ X(t,,)=X,,} . Example: Poisson
ss. Therefore, number of arrivals in (0,t) is a Poisson process and hence a Markov

Define Marko in. When it is called homogeneous? Also define one-step transition probability.
(Apr/May 2010)
e If V¥n =a /X ,=a X ,=a ,..X,=8, ]=P[X, =a,/X ,=a, |then the process {Xn} n

=0,1,2,... is called a Markov chain.
e In a Markov chain if the one-step transition probability P[Xn=an/Xn71=an71]:Pij(n—1,n)

independent of the step ‘n’. (i.e.,) P,(n—1,n)=P;(m—1,m) for all m,n and 1,j. Then the Markov chain

is said to be homogeneous.
e The conditional probability P[Xn =a;/ X, ;=4 J is called the one step transition probability from state

ai to state aj at the nth step.

10

Define Poisson process.( Nov/Dec 2017) BTL1
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If X(t) represents the number of occurrences of a certain event in (0,t), then the discrete process {X(t)} is called

the Poisson process provided the postulates are satisfied:
P[L occurrence in (t,t + At)] = At + 0(At)

P[0 occurrence in (t,t + At )] =1— 1At + O(At)

P[2 occurrence in (t,t + At )] =0(At)

X(t) is independent of the number of occurrences of the event in any interval prior and after the interval (0,t)
The provability that the event occurs a specified number of times in (to, to+t) depends only on ‘t’, but not on ‘to’.

State any two properties of Poisson process. (Nov/Dec 2015, Apr/May 2018) BT
e The Poisson process is a Markov process

ute, find the

process.(Nov/Dec 2012, Apr/May

11 e Sum of two different Poisson process is a Poisson process
e Difference of two different Poisson process is not a Poisson process
If the customers arrive at a bank according to a Poisson process
probability that during a 1-minute interval no customers arrive.
Mean arrival rate = 1 =2
12 | The probability of Poisson process is P[X (t) =n]=
P[X(t) =0]= o1
Prove that the sum of two independent
2015, Apr/May 2017) BTL5
Let X (t)=[X,(t)+ X, ()]
E[X (O]=E[X, )+ X, ()]=E[X,®) ]+ E[X, (1]
=4t + At =(4 + 4,
3 X, (O X, (1)
D]ELX, (] ¥E[x, ()]
+ At
Xz(t)] IS a Poisson process.
dependent Poisson process is a Poisson process. BTL5
J=E[X,® ]-E[X,®)]
= At = 2,04 — A, )
EDX @]=E[H - X, OF = E[X, 0-2X,0X, 0+ X, )]
14

= E[xf(t) ]—ZE[Xl(t)]E[XZ(t)]+ E[xj(t)]
= 2t% + At = 2(A ) (A,t) + Aot” + At

= (4 =2, P2+ (A + At

# (A=A, 2+ (A —A,)t
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Therefore X (t)=[X,(t)— X, (t)] is not a Poisson process.

15

Patients arrive randomly and independently at a doctor’s consulting room form 8 A.M at an average rate
of 1 for every 5 minutes. The waiting room can hold 12 persons. What is the probability that the room will
be full when the doctor arrives at 9 A.M?. (Nov/Dec 2016) BTL3

Given A =% per min :%x 60 =12 per hour

. . : e M (at)"
The probability law of Poisson process is P[X (t) = n]=—I
n!
-12 12
P[X (1) :12]:% ~0.1144

16

Define Semi- Random telegram signal process. (Apr/May 2015) BT
If N(t) represents the number of occurrences of a specified event in
a semi-random telegraph signal process.

{X(t)} is called

17

Define Random telegraph process. BTL1

e X(0) =1 or -1 with equal probability Y.
e The number of level transitions or flips, N(z), from o lue to another occurring in any interval of
length 7 is a Poisson process with bability of exactly ‘r’ transitions is

P[N(r) = r]:e_ml(r#, r=012,.

o P[X(t)=1] = % = P[X(t)=-1] foranyt>0

18
e E[X({®)]=0andV 1
o X(t)isa WSS
Consider the rand X (t)=cos(t+¢) where ¢ is a random variable with density function
19 r or not the process is stationary. BTL3
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EX O] [X () f (9)dg

pa

= 2 cos(t + ¢) idgzﬁ
- T

2

—o N

cos(t+¢) d¢g

_1
T

NN

= _1 [Sin(t + ¢)]%;r
4 2
—i in( = —gin(—=—
= [sm( 5 +t)—sin( > +t)}

=l[cos(t) +cos(t) = gCOS(t)
e V4

Therefore E[X(t)] is not a constant. Hence X(t) is not stati

20

Find the transition probability matrix of the process rep
2011) BTL3

ted by the transition diagram. (Apr/May

21

, find the steady-state distribution of the chain. BTL5

Let the steady-

robaffility distribution be 7 = (7, 7,) we have
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TP=T i ®
To+m, =1 (2)
0 1
(1):>(7Z'1 ”z{i 1]:(”1 7[2)
2 2
1

Now (2)= 7, + 7, =1, substitute (3) in (2)

1 3 2
:>Eﬂ'2 +7, :1357[2 =1Z>7Z'2 =§
. 12 1

The steady state distribution of the chain is

0 1
Let Az{l 1} be a stochastic matrix. Check if it is Feg (Nov/Dec 2016) BTL4

2 2
1
22 0 1)(0 = /
A= 1)1
2 2
Since all the entrj ‘A’ is regular.
What is the e Poisson process. Is Poisson process stationary? (Apr/May 2019)

23

BTL2

=n]

—At n
=ﬂn=0,1,2,...
n!

a function of time difference ti-t2, Poisson process is not stationary.

24

When is a Ran rocess said to be evolutionary. Give an example. (Apr/May 2015) (BTL1)
A random pro hat is not stationary at any sense is called evolutionary process.
Semi-random telegraph signal process is an example of evolutionary random process.

25

Define irreducible Markov chain and state Chapman-Kolmogorov theorem. BTL1
A Markov chain is said to be irreducible if every state can be reached from every other state, where piﬁn) >0

for some ‘n’ and for all ‘i’ and j’.
If “P’ is the tpm of a homogeneous Markov chain, then the n-step tpm P(™ is equal to P".

(ie.) [Pij(n) ]= [Pij ]n-
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Part*B

The process {X(t)} whose probability distribution under certain conditions is given by,

P{X(t)=n}=(l(j#,n=1,z...

at

Tltat’

Show that it is not stationary(evolutionary). (8M)(Nov/Dec 2014, Nov/Dec 2016 ,/Apr/May 2018) BTL5
Answer: Page: 3.33 -Dr. A. Singaravelu

+(2)———+.... =1. (3M)

o E[X(1)] ann O+(1)( o i )

e EX*®]=3n?P =3 (In(n+1)-n]P,=1+2at.

e Var[X(t)]=E[X?(t)]-E[X (t)]=2at#constant .

If the random process X(t) takes the value -1 with probability %an : @lue 1 with probability %

find whether X(t) is a stationary process or not. (6M)(Apr/ 019) BTL4
Answer:Page: 3.12 — Dr. G. Balaji
X@t=n|-1 |1
Pn 1/3 | 213

. EXOI=YnP =}

=1 2M)

2(O]- E[X(A constant. (2M)

e E[X?*()]= an

(a)t+0)where A, o are constants, @is uniformly distributed in (-7, 7)is

cos(mt + 6?)i d@=0=constant (2M)
i 2

+7)|=E[Acos(wt + 8). Acos(w (t + 7) + 0)] (1M)
cos(w (t+7) +0)]= A?z {E(cos w7)+ E[cos (2wt + 20 + 7))}  (2M)
20+ 07)]=0 (2M)

2
e Ry(t,t+r)= A?cos ot =a function of 7. (1M)

Show that the process X (t)= Acos(wt+6)where A, o are constants, @is uniformly distributed in (0,27 )is

WSS. (8M) (Nov/Dec 2017) BTL5
Answer:Page: 3.24-Dr. G. Balaji

e E[X(t)]= T X (t) f(8)do= TAcos(a)t + e)zidez 0=constant (2M)
o 0 T
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o Ry (t,t+7)=E[X(t)X(t+7)]=E[Acos(wt +8). Acos(a (t + 7) + 6)] (1IM)

o E[Acos(wt+6) Acos(w(t+7)+0)]= A?Z {E(cos wr)+ E[cos (2wt + 20 + w7 )]} (2M)
o E[cos(2at+ 26+ w7)]=0 (2M)
e Ry (t,t+r):A7zcosa)r =a function of 7. (AM)

Show that the process X (t)=AcosAt+ Bsin At is strict sense stationary of order 2. A and B are random
variables if E[A] = E[B] =0 ; E[A?] = E[B?]; E[AB] = 0.
(OR)

If X(t)=AcosAt+BsinAt,t>0 is a random process where A and B are indepe (0,02) random
variables. Examine the WSS process of X(t). (8M) (Apr/May 2015, Apr/May 2
Answer:Page: 3.13-Dr. A. Singaravelu

o E{X(t)}=E{AcosAt+Bsin At }=0=constant

o Ryl(t,t+7)=E[X{)X(t+7)]=E{AcosAt+Bsin At]Acos

random variables each of which has a value -2 with prob

that X(t) is wide sense stationary. (8M) (Nov/D,
Answer:Page: 3.44-Dr. G. Balaji

15, Apr/Ma 7, Apr/May 2018) BTL5

o E[A]=) AP(A)=0 (IM)
e E[B]=) B P(B)=0 (IM)
o E[A’]=D A"P(A)=2 (1M)

 E[B’]=) B’P(B)= (1M)
e E[X(t)]=E[Y cos sint]=0=c nt (2M)

7)]=E[(Y cost, + Zsint, )Y cost, + Zsint,)]=2cosz  (2M)

The transitio ili Markov chain {Xn}, n=1,2,... having 3 states 1,2 and 3 is
P=|0.6 the initiaV distribution is P® =(0.7 0.2 0.1). Find (i) P{X,=3} and (ii)
P{X,

Answer:Page: . A?Singaravelu

0.1 05 04
e PO-p [0.7 02 01]{06 02 0.2|=[0.22 0.43 0.35] (2M)
0.3 04 0.3
0.1 05 04
e P@—-pWp-[0.22 043 0.35]|06 0.2 02|=[0.385 0.336 0.279] (2M)
03 04 03
e P{X,=3}=0.279 (IM)
o P{X;=2X,=3X,=3,X,=2}=P} Pg P5 P[X, = 2]=0.0048 (3M)
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A man either drives a car or catches a train to office each day. He never goes 2 days in a row by train but if
he drives one day, then the next day he is just as likely to drive again as he is to travel by train. Now
suppose that on the first day of the week, the man tossed a fair die and drive to work if and only if a 6
appeared. Find (i) The probability that he drives to work in the long run and (ii) The probability that he
takes a train on the third day. (8M) (May/June 2016, Nov/Dec 2017) BTL4

Answer:Page: 3.71-Dr. A. Singaravelu

0 1
e P11 (2m)
8 2 2
1 2
o z=(m ”2):(5 gj (3M)
e po_pop_[Ll 1 (1M)
12 12
e po_pap_(il 13}
24 22
0
If {Xn; n=1,2,3...} be a Markov chain on the space S={1,2,3} % 0 % .Sketch the transition
1 00
diagram. Is the chain irreducible? ExplainyIs the in ergodic? Explain. (8M) (May/June 2013, Nov/Dec
2019) BTL4
Answer:Page:3.141-Dr. G. Balaji
e P*=PP=P.P=P? (1M)
9 e PS—P'P=p2p=p° (1M)
o 1%state P?>0,PWE 0,PY >0 .47 =GCD(2,46,...)=2 (IM)
. P®>0..=d =GCD(2,486,...)=2 (1IM)
. >0..= d, =GCD(2,4,6,...)=2 (1M)
[} i .
o We chain is irreducible (2M)
and irreducible so it is non- null persistant. But not ergodic. (1IM)
d auto correlation of Poisson process. (8M) (May/June 2014, Apr/May 2015)
BTL2
Answer: Page
: o e "
. of Poisson distribution is P{X (t) = n}:T, n=0,1,2,... (IM)
-At n
10| o E[X@O)]= xﬂ:ﬂt (2M)
x=0
© -t n
. E[xz(t)]zzx2%:(/u)2+,u (2M)
x=0 -
o Var[X(t)]=A4t (IM)
* Rxx (tl!tz):E[X (t) X (tz)]:ﬁvztltz +Amin(t,,t,) (2M)

JIT-JEPPIAAR/ECE/Mr.C.SENTHILKUMAR /I1Yr/SEM 4/MA8451/PROBABILITY & RANDOM PROCESSESS/UNIT 1-
5/QB+Keys/Ver3.0

1.45




REGULATION :2017 ACADEMIC YEAR : 2020-2021

(i) Prove that the interval between two successive occurrences of a Poisson process with parameter 1 has
an exponential distribution.

(if)Show that Poisson process is a Markov process. (8M) (Apr/May 2018) BTL5

Answer: Page:3.98- Dr. A. Singaravelu

(i)
e P(T >t)=P(Ei did not occur in (ti, ti+1) = P(X(t)=0) = e * (1M)
e F(t)=P(T<t)=1-P(T >t)=1-e™* (2M)
11 e The pdf of T is given by Ae " which is an exponential distribution. am)
(i)
“Aty=t) gng—ny (¢ & N3N,
o PIX() = X (L)=n X ()=, ]= T et
(ns —n, )!
o P[X(t)=n,/X(t,)=n,; X (t)=n, |=P[X (t,)=n,/ X (t,)=n,] v
Suppose that customers arrive at a bank according to a Poisson i ean rate of 3 per minute;
find the probability that during a time interval of 2 min (i) exactl rive and (ii) more than 4
customers arrive. (iii) fewer than 4 customers arrive. (8
Answer: Page:3.100- Dr. A. Singaravelu
12 e The probability of Poisson distribution is P{X (t) =n}= (1M)
e P[4 customers arrive in 2 min time int (2M)
e P[More than 4 customers arrive in 2 rfiin i =P{X(2)>4} £ 1- P[X (2) < 4]= 0.715(3M)
e P[Fewer than 4 customers arrive in 2 I (2M)
A fisherman catches a fish at a Poisson rate of 2 pef ho om a large lake with lots of fish. If he starts
fishing at 10.00 a.m. What is the probability that he one fish by 10.30 a.m and three fishes by noon?
(8M) (Apr/May 2017) BTL5
Answer: Classwork
G e ™ (at)"
. distribution is P{X (t)=n}:T,n=0,1,2,... (2M)
13 :
- _ @
e P[Heca m],=P[X(0.5)=1] = T—0.3679 (3M)
. _ e’
o fishes by noon] = P[X(2) = 3] = T=O.1954 (2M)
A hard disk [ ter system and it follows Poisson process with mean rate of 1 per week. Find
the probabilit 2 weeks have elapsed since the last failure. If there are 5 extra hard disks and the next
supply is not due 1 10 weeks, find the probability that the machine will not be out of order in the next 10
weeks. (8M) ( € 2017) BTL5
Answer: Page:37102- Dr. A. Singaravelu
14 e (At)"
e The probability of Poisson distribution is P{X (t) = n}:T, n=0,1,2,... (2M)
e P[No failure in 2 weeks since last failure] = P[X(2)=0] = e?=0.135 (3M)
e P[X(10) <5]=P[X(10)=0]+[X (10) =1]+[X (10) = 2] +[ X (10) =3]+[ X (10) = 4] +[ X (10) =5]=0.067
(3M)
15 If customers arrive at a counter in accordance with a Poisson process with a mean rate of 2 per minute,

find the probability that the interval between 2 consecutive arrivals is (i) more than 1 minute, (ii) between 1
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min and 2 min and (iii) 4 min or less. (8M) (May/June 2012) BTL5
Answer: Page: 3.100- Dr. A. Singaravelu

e Using inter arrival property of Poisson process, f(t)=4e™* (1M)

e P(T>1)=[2e7dt=0.135 (2Mm)
' 2

e P(<T<2)=[2e™dt=0.117 (2™m)
, 1

« P(T<4)=[2e7dt=1 (3M)
0

If {Xa(t)} and {X2(t)} are two independent Poisson process with parameter A, 3

hvely, show that

P[Xa1(t) =x / Xa(t)+ X2(t) = n] is Binomial where P = A (8M) (
A+ 4,

Anwer: Page: 3.84-Dr G. Balaji

e PI) - /X X0 1] P[{Xl(t; (:xX}(S in(t)t;:Xr? )(t
g/t (ﬂ,lt)x gt
X' (n—x)!

e ARl + 1))

o PIX,) =X/ X, 0+ X, () =n]=

o P[X,(t)=x/X,(t)+X,(t)=n]=nC,

Define semi-random telegraph signal process and telegraph signal process and prove that the

former is evolutionary and the latter is wide sen tionary(Covariance stationary process). (16M)

(Nov/Dec 2013, Nov/Dec 20 2017) BTL5

Answer: 3.106- -Dr.A. Si
o ess is a discrete random process X(t) satisfying the following conditions:

b

length = rate Aso that the probability of exactly ‘r’ transitions is

P[N(z
(2M)
e IfN umber of occurrences of a specified event in (0,t) and X(t) = (-1)NO, then {X(t)} is
called a telegraph signal process. (2M)
P{X(t) =1} SP{N(t) is even} = e cosh At
o PIX()=1}5P{N() } (M)
o P{X(t) =-1}=P{N(t) is odd}=e™ Sinh it (1M)
o E[X(®)]=e*" (IM)
o P[X(t,)=1X(t,)=1]=P[X(t,) =1/ X (t,) =1]x P[X (t,) =1]=e~*" cosh Are " cosh At, (1M)
e P[X(t)=-1X(t,) =-1]=e"* cosh Aze " Sinh At, (1M)
° P[X (tl) =1X (tz) = —1]:6_11 sinh ﬂ,Teﬁuz Sinh ﬂ,tz (1M)
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P[X(t,) =-1 X (t,) =1]=e* sinh Are " cosh At,

(IM)

P[X (t,)x X (t,) =1]=e"*" cosh A7

(IM)
P[X (t,)x X (t,) =-1]=e " sinh A7
R(tt.)=E[X (t) X (t,)] =

(IM)
{X(t)} is evolutionary
For Random telegraph signal process Y(t), P(a =1) =% ,Pla=-1) =% (am)
E(a)=0,E(a?) =1 (1M)
Re (1) = EIY 1)V (t,) 1= Ela®X (1) X (t,) |=e ™) which j§ (1M)

UNIT-IV CORRELATIO ECTRAL DENSITIES

Auto correlation functions — Cross correlation functi
Cross spectral density — Properties.

Properties — Power spectral density -

Q.No

T*
ies of an autelekition function. [N/D14] BTL 1

List any two pro

1.
tion function of a stationary process {x (t)}with no
= u?, provided the limit exists.
SS process{X (t}, Ry (r)=Ry(~17)-
[A/M11,N/D11,N/D12,N/D15,M/J16,N/D16,A/M17,N/D17]
2 X ()X (-7l
Ryx (_ T) [X(t)X (t"'T)] = E[X(t"'T)X (t)] = Ryx (T)
fore R(r)is an even function of7 .
Show that the autocorrelation function R, (z)is maximum atz =0. [N/D17] BTL 5

3 Ry (z)ismaximumatz=0 ie.  |R(z)<R(0)

Cauchy-Schwarz inequality is (E[XY]) < E[XZ]E[YZ]
Putx = X(t)andy = X (t —z), then
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(EXxOxE-)F <ElxOEXx?(t-7)
ie.  (R()f<(E[X2Q)f

[Since E[X (t)]and var[X (t)] are constants for a stationary process]

RE)F <[ROF

Taking square root on both sides,
R(z} <R(0). [Since R(0)= E[X 2(t)]is positive].

The autocorrelation function of a stationary process isR,, (r)=16 + 9 ~. Find the mean
T
and variance of the process. [A/M10, A/IM11, M/J12] BTL5
Given Ry (r)=16+—
s 1+67°
2 =limR(r :Iim[16+
Hx T ( ) T 1+67r
=16+0=16
Mean = i, =E[X(t)]=4
E[X Z(t)]: Rxx (0):16
Variance = E[Xz(t)]—(
If the autocorrelation function of a station rocesses isR,, (T)=25+1 ‘é . Find the
+ 07T
the procesle,M/ 4,N/D14,N/D15,A/M18] BTL5

4 2}=25+Iim( 4 zj ~25+0=25
67 o\ 14+ 0671

4 _544-29
1+6(0)

riance = E[X2(t)]~ (E[X (1))} = 29— (5)* =29-25=4.

Find the"Variance of the stationary process {X(t)} whose autocorrelation function is given by

Ry (7) = 2+4e7?" [N/D10,N/D12,A/M17,N/D19] BTLS
Given Ry, (r)=2+4e""
ut =lmR(r)=lim(2+4e " )=2+lim(ae?")=2+0=2

T—>0 T—>0 T—>0

Mean =pu, = E[X(t)]z V2
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EX2(t)]=Ry, (0)= 2+4e =2+4=6
Variance = [ t)]—

— (V2] =

Define cross correlation function and state any two of its properties. [N/D10, M/J13,
M/J14,A/IM15 ,M/J19] BTL1

ENE[X @)Y (t—7)]is a
elation function of the

If the process{x(t)}and{y(t)}are jointly wide sense stationary,
function of 7, denoted by R, (). This function R, () is called the cross ¢

process {X (t)}and {y ()} -

! Properties of cross correlation function are:
. Ryv (_ T): Ryx (T)
ii. If the process {x (t)}and {v (t)} are orthogonal, then Ry, (z)
iii. If the process {X (t)}and {Y (t)} are independent, then R, (
Prove that Ryy (7) = Ry (- 7). [M/J16] BTL5
By definition, we have
R (7) = E[Y () X (t—7)]
8 Ryx (- 7) = E[Y (t) X (t+7)]
Ryx (= 7) = E[X(t+7)Y(t)]
RYX (— ) RXY (T) by deflnltlon]
Therefore, Ryy (r) = Ry (~7).
. Define power spectFal density fuwof stationary random processes X( ) [N/D13,A/M15]
ry process with autocorrelation functionR(zr), then the Fourier
9 er spectral density function of {X(t)}and denoted asS(w)or
R(z)e™rdr.
(t) is defined by X(t)=kcoswt,t>0where wis a constant and k is
stributed over (0,2). Find the autocorrelation function of X (t).[M/J13] BTL5
Given k is URiformly distributed over (0,2), the density function is given by
1 1
10 (k)zﬁzi,o<k<2

The autocorrelation function RXX( ) is given by

Ry (7) = E[X(t) IX k)dk = _[kcosa)tkcosa)(t r);dk
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2 _ 3
_ coswtcosw(t—r)jk2 & = coswteoso(t-7) k* | _ §cosa)tcosa)(t—r)
2 0 2 3l 6

Ry (7)= % coswt cosm(t—7).

11

2
If Ry (7) = 257——:36 Find the mean and variance of X . [A/M15] BTL
6.257°+4
. 2577 +36
Given Ry (7)= ————
o ) 6.257° +4

2572 436 T2[25+
1,2 = lim Ry (r) = lim m= im
S 72(6.25
36
L ot 2540 25
= g5 h 62540 625
T

Mean= u, = E[X (t)] =2

E[X ’ (t)] = Ry (O) =

13

Sxx (- @)= TRxx (r)e'“"dr

—®
Put r =-u when 7 =— o, U=
dr =-du when 7 =00, U=-

Sxx (- @)= _foRxx (~u)e ™" (= du)
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Syx (- @) == [Ryx (-u)e " du

Syx (- @)= ijx (-7)e ' dr, treating u as a dummy variable

— 0

S (- 0)= [Ryc (F)e 7 e since Ry (- 7)= Ry (1)

— o0

Sxx (- @) = Sxx (@).
Hence the spectral density of a real random process is an even function.

14

AIM17] B

State any two properties of cross-power density spectrums.
Properties of cross-power density spectrums are (1) Syy (a)

(2) 1f{X (t)}and {Y (t)} are independent, then S,

15

Cross spectral density function is not
relationship.

ie. S (@)= Sy (- @)
Proof:

€Nz =—oo,U =00

Whenz':oo,u = —o0

16

An autocorrelation function R(z) of {X(t);z<T}is given by ce ®;c>0;a>0. Obtain the
spectral density of X (t). [N/D16] BTL5

~alr|

Given Ryy (r)=ce
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w)= IRXX (rp'o7dr = Ice_a‘r‘e_imdr
—cje (coswr —isin wr)d7 = cje U(coswr)dr —ic je ((sin wr)dz

=2C j e —ale coswrdr(Slnce the first integrand is even and the second integral is odd)

0 0

= che‘“’ coswrdr = Zc{
0

e—aT
(y—z(—acoswwa)sin w7)

—a) +tw 0

1 2Ca
= 2{0— 2, (—a+0)} = S(w)= SR

17

An autocorrelation function R(z) of {X(t);zeT}is give
spectral density of X (t). [N/D16] BTL5

0:a>0. Obtain the

Given Ryy (¢)=ce ™/

w)= IRxx (rp'“%dr = jce‘“"‘e‘i“”d

=c je_“‘r‘ (coswr —isin wr

0

2Ca

0!2+602

18

-1:-3<7<3

0 ; otherwise
0 3 —i 3
. s e T
= J.Rxx (rp™*7dr = I(—l)e 'mdr=—[ _ }
~io
—0 -3 _3
:_i(e‘i“’3 - ei“’3)= - _i(eiS‘"— e 13 )=L(Zsin h3a)):ﬂsin h3w.
lw o 0 w
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he autocorrelation function of the random telegraph signal process is given
by R(r)=a% *"". Determine the power density spectrum of the random
telegraph signal. BTL3
GivenR(r)=a%
S(@)= [Ryx (cp7dz = jaze_z’l‘r‘e‘i“”dr =a? '[e_z’”" (coswr —isin wz)dz
=a? J'e'm‘f‘ (coswr)dr —ia? je'z’l‘f‘ (sin wr)dz
19 —00 . —0o0
=2a’? '[e_z’l‘r‘ coswz dz (Since the first integrand is even and the seCORg odd)
0
o241 *
= 28| ————(~24coswr + wsin w7)
(-22) +o 0
i 1 22
=2a%0-———(-22+0 } = S(w)=
L 4%+ 07 ( ) (@)
Find the power spectral density of a ation
functionR(r)=e ™" . BTL4
GivenR(z)=e "
S(w) “rdr
ior , ot (oY (ioY
. 0 _a(TZ_,_i) 0 —a[r +7+[7) —[)]
e el dr = je “dr = je @ \ea) A2l g,
2 B COZ wz " ( Iﬂj
| T+
20 je [4“ jdr e 4 J‘e 2a) dr
dx
=x=>Jadr=dx=dr=—
o
Whenz = oo, X =
o o .
— 2 e 4da ® —XZ e da T —wf
= e " dx = T =.,—e %
N e I Ja p
b
: o “la-le)  |el<a _
If the power spectral density of a WSS process is given by S(a))z a Find
21 0 Jo|> a
R(r). BTL4
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R(r) :%_Ts(a))ei””dw

:%ﬁs(a,)eiwrdwis@)@wm{s@)@m}

—00

2

- iﬁ 9 a- |w|)eira,da,] _b T(a—|w|)(cosw+isin ro)do
a 2|

b jl |(0|XCOSTO) do +1i % jil. |a)|)(sin to)do

—a —a

=%20( |a)|)(COSz'a)da)+|2L(O)= b

:E[(a_w)smm cosw; :i[(o
7a T , m
_E(i_cosarj
ma\ r? 72
b
R = 1-cosar).
©) = (-cosar)

The power spectral density functio

process {X (t)}is given by S(w)=

—@g ®q

Zi j(cosw+ isin zo)dw
T

-,

I (coszw)dw + = f(sin ro)do
2r

— W, —@,

@y
Ziz I(cos t0)dw+i Zi(o)[ The 1%t integrand is even and the 2" is odd]
T T

0
. @,
_ E[SII’] Ta)j _ i(sin Ty —O) N R( ) Sln (002'
T T 0 T T

JIT-JEPPIAAR/ECE/Mr.C.SENTHILKUMAR /I1Yr/SEM 4/MA8451/PROBABILITY & RANDOM PROCESSESS/UNIT 1-
5/QB+Keys/Ver3.0

1.55




ACADEMIC YEAR : 2020-2021

REGULATION :2017

23

7 ;le <1

. [AIM15,
0 ; otherwise

Find the auto correlation function whose spectral density is S(a))={
M/J16 ,M/J16] BTL4

1

2

—00

S(wk'“"do

R(z‘)

_:J} S(w)e'"dw + j.S(a))ei“”da) + TS(a))ei“”da)}
Jl.zr.ei“”dco}

1
- zi I;z(cos tw+isin ro)do
T4
1
(coszow)dw + i% J (sin r7w)dw
O

(costew)dw + ii(o) [-- The 1! integrand

s

'L'—.H

2 : 2" is odd]

Nk, N

O e

7~ N\

24

process with the spectral density given

Determine the autocorrelation fun
SO ; |a)|<a)0

by Sxx (@)= {o

. [A/IM17,A/IM18]\B

ol do+ TS(a))eimda)}

)
@y

I(sin ro)dw

-,

So

@y
I(COS ro)do+i—2
2r

-,

[N S 0

I(COS tw+isin to)do =
2w

-,

0

o S,
—Slna)of.
TT

sin te _

=0 (sin rap —0) = R(r)
T

0

%)

T o

25

State Wiene—Khinchine theorem.[N/D13,N/D15] OR Write the Wiener—Khinchine relation.
[N/D14,N/D16,N/D17] BTL1

JIT-JEPPIAAR/ECE/Mr.C.SENTHILKUMAR /I1Yr/SEM 4/MA8451/PROBABILITY & RANDOM PROCESSESS/UNIT 1-
5/QB+Keys/Ver3.0

1.56



REGULATION :2017 ACADEMIC YEAR : 2020-2021

If X, () is the Fourier transform of the truncated random process defined as

(t) for [t<T _ _
X, (t)= . where {X(t)} is a real WSS process with power spectral

for [t|>T
density function S(w), then S(w) = = lim E E[] X, (@) 2]
PART *B
Consider two random processes X (t)=3cos(wt+6) and VY (t)& 2cosf@t+d) where
¢ = 9—% and @ is uniformly distributed random variable over (0,2 whether

Rey (7) < R ()R (0) . [A/M15,A/M17, AIM2019] BTL
Answer:Page: 4.26-Dr.A. Singaravelu

e RXX(0)=9/2

e RYY(0)=2 2\

e RXY(1)=3sinort v
e |RXY(1)] <VRXX(0).RYY(0) (2M)

Find the power spectral density, whose auto elation function is given by

2
Ry (7) = A?cos (w, 7). [MIJ12] B

(2M)
7)| < RXX(0) RYY(0) (4M)
. (t) = RXX,|RXX(7)| < RXX(0) (2M)

If X (t)=5sin(wt+¢) and Y (t)= 2cos(wt+6) where o is a constant, 6+¢ :% and ¢ is a

random variable uniformly distributed in (0,27), find Ry, (), Ry, () , Ry (z) and Ry, ().

Verify two properties of autocorrelation function and cross correlation function. [N/D16]
BTL5
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Answer:Page: 4.26-Dr.A. Singaravelu

e RXX(T)= ZZ—SCOSW‘L' (2M)
e RYY(t)= 2coswt (3M)
e RXY(r)= S5sinwrt (3M)
e |RXY(7)| < /RXX(0) RYY(0) (4M)
o |RXY(D)| < % [RXX(0) + RYY(0)] (4M)

Two random processes X(t) and Y(t) are defined as follows: X
Y(t) = Bsin (wt+6) where A, B and o are constants; @ is a unifor
(0,2 7). Find the cross correlation function of X (t) and Y (t). [M/J13,N
Answer:Page: 4.24-Dr.A. Singaravelu

ot+0) and
able over

e RXY(t,t+71)= E[X().Y(t+ 1)]
2
e RXY(t,t+71)= A;sinwr

Define spectral density of a stationary rando
process X (t) the power spectral density is an even fun
Answer:Page: 4.33-Dr.A. Singarave

s X(t). Prove that for a real random
.[M/J13,N/D17] BTL5

o Sxx(w)= [~ Rxx(r)e™™

e  Sxx(—w) = Sxx(w)

(2M)
(2M)

State and prove Wieneg Khintchine theorem ence find the power spectral density of a

2Mm)
(6M)

W) = lim [ E{lxr(W)]?)] (3M)
o Sxy(W)= fiony(T)e‘IWTdr (2M)
o Sxy(w) = Syx(-w) (M)
o Sxy(w) = Syx(w) — 2w EG)E(Y) o(w) (M)

If {x(t)} and {y(t)} are orthogonal then Sxy(w) = 0and Syx(w) = 0 am)

Find the power spectral density of a random signal with auto correlation function e_ﬂ“M.
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[A/M15,Apr/May19] BTL5
Answer:Page: 4.42-Dr.A. Singaravelu

o Sxx(w)= [ Rxx(v)e"™dr (2M)
o Sxx(w) = % (6M)

Given that a process X (t) has an autocorrelation function Ryy (7)= I cosw, 7 Where
A>0,>0 and o, are real constants, find the power spectral gOensity of X(t)

[N/D16,A/M18] BTL5
Answer:Page: 4.49-Dr.A. Singaravelu

10
o Sxx(w) = f_OOOORxx(T)e‘iWT dr (2M)
2Aa
o Sxx(W) = ———;
. ) . l—|r| , |z'| <1
Autocorrelation function of an ergodic process {X (t)= o
0 , otherwise
Obtain the spectral density of X . [N/D10,N/D 6,N/D17] B
Answer:Page: 4.44-Dr.A. Singaravelu
11

o Sxx(w)= [ Rxx(r)e™™r

Jin®) .,
—w]

o Sxx(w)= [

N

12

telegraph signal process is given by

etermine t ower density spectrum of the random telegraph
e autocorrelation function of the random telegraph signal process is

(2M)
(6M)

13

15,Nov/Decl19] BTL5
Answer:Page: 4.46-Dr.A. Singaravelu

o Sxx(w) = f_wwax(T)e‘iWT dr (2M)
.« Sxx(w)= 2L (6M)

Type equation here.
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id
?

0 , |z'|>T
Find the power spectrum of the process X (t) [A/M10,A/M15,M/J16,N/D16] BTL5
Answer:Page: 4.43-Dr.A. Singaravelu

1-20 ] <T

The autocorrelation function of the random process X (t) is given by R(r)=

14

o Sxx(w)= f_OOOORxx(T)e‘iWT drt

2
p—re [1—cosWT]

e Sxx(w)=

If the power spectral density of a WSS process is given by

Find the autocorrelation function of the process. [N/D13,
15 | Answer:Page: 4.60-Dr.A. Singaravelu

D17] BTL5

e Rxx(r) = i f_oooonx(w)eiWT dw

_ b . 2 at
o Rxx(t)= — 2 sin (7) (6M)
The autocorrelation function i inciement process is given by
A2 for |r| > &
R(r)= tral density of the process.
) A2 +£[1—Hj for 7] < &
& &

[N/D11] BTL5
Answer:Page: 4,

V4

16

2Mm)
(6M)

17 w) = Sxx(w) + Syy(w) + Sxy(w) + Syx(w) (4M)
o Sxz(w)= Sxx(w)+ Sxy(w) (2M)
o Syz(w) = Syy(w) + Syx(w) (2M)

18 | The power spectral density of a zero mean WSS process {X(t)} is given by
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1 :
S(w) = { [of < @ . Find R(z) and show also that X (t) and X (t+£} are uncorrelated.
Wy

0 ; elsewhere

[A/M11] BTL5
Answer:Page: 4.63-Dr.A. Singaravelu

e Rxx(r) = %sin(wor) (4M)
o ¢ [x(t).x (t + Wlo)] =0 (4Mm)

Find the autocorrelation function of the process {X (t)} for which the
is given by S, (®)=1+e* for |w/<land S, (w)=0 for |e>1.

BTL5
Answer:Page: 4.68-Dr.A. Singaravelu

19
e Rxx(7) = % JZ Sxx(w)e™™ dw
o Ruxx(1) = — [t2sinT + TCcosT — sinT]
. . o®+9 .
If the power spectral density of a ¢ rocess is S Z >— find the mean
o +5w° +4
20 (2M)
(3M)
(3M)

1

sense stationary process {X (t)} is given by S(w)= W
+ o

(2M)
(6M)

22

The cross power spectrum of real random process X (t) and Y(t) is given by

S =
X (w) {O : elsewhere

N/D11,N/D15, M/J16 , M/J16,N/D16,A/M17,A/M18] BTL4
Answer:Page: 4.77-Dr.A. Singaravelu

a+jbo ;lef <1 ) ) )
. Find the cross correlation function. [N/D10,A/M11,
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e Rxy(1r) = i f_oooony(w)eiWT dw (2M)
e Rxx(t) = # [(at — b) sint + b TcosT] (6M)
If the cross power spectral density of X(t) and Y(t) is given by

ibo : :
Sy (®w)=a+——, —a<w<a ,a>0 where a and b are constants, find the cross correlation
a

function. [M/J13,N/D17] BTL4
Answer:Page: 1.80-Dr.A. Singaravelu

23 Lo _
e Rxy(t)= = [ Sxy(w)e™®dw
27T ©
e Rxy(r)= # [(Ta — %) sinwt + tb cos w‘r]
If {X()} is a WSS process with Ry (z) and if
Y (t)= X (t+a)-X (t—a). Show that R, (r) = 2R, )-R, (r—2a). BTL5
Answer:Page: 4.47-Dr.A. Singaravelu
24 e Rxx(t) =E[x(t).x(t+ 17)] am)
* Ryy(m) =E[y®).y(t+ 7)] (IM)
e Ryy(t) = 2 Rxx(t) — Rxx(t™+ 2a) — 2a) (6M)
NIT V-LINEAR S WITH RANDOM INPUTS
Linear time invariantgystem- System sfer fupction — Linear system with random inputs —Auto
correlation and cr i ns of input and output.
PART*A
it called a linear system? [M/J14,A/M15M/J16,N/D17] BTL1
is a functional Yelationship between the input x(t) and the output y(t). The functional
1 js written as y (t x(t)].

)= f[x(t+h)] where Y (t)= f[X (t)], f is called a time — invariant system
d Y (t) are said to form a time invariant system.

Define casual system. [N/D15] BTL1
If the value of the output Y(t) at t = t; depends only on the past values of the input X(t),t<t,

(ie) Y(t;) = f[X(t); t <t;], then the system is called a casual system.

When a system is said to be stable? BTL5
A linear time invariant system, y(t)= f[x(t)] is said to be stable if its response to any bounded
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input is bounded.

Prove that Y (t) = 2 X (t) is linear. [A/M15] BTL5
Let Y;(t)=2X,(t) and Y,(t)=2X,(t)
If the input X (t) = a; X, (t)+a, X,(t), then
Y(t)=2 (ay Xy (t)+a, X, () = 284 X;(t)+2a, X,(t) = &y (2 X, (1)) + a5 (2X (1))
Y(t) = a, Y, (t) + a, Y, (t). Hence Y(t) = 2 X(t) is linear.

Check whether the system Y (t) = X 3(t) is linear or not. [N/D15,A/M17,A/M1

Let Y;(t)= X;’(t) and Yz()= *(t)
If the input X (t) = () 2 X,(t), then
)+

Y (t)=(ay X, (t)+az X, (t)) =a,°X, ( 3a,%a, X, ()X, (1) £8
Y(t) = a Yy (t) + a, Y, (t). Hence Y(t) = X 3(t) is not linear.

State the properties of linear system. [N/D11] B
The properties of linear system are
(i)  If a system is such that its input
convolution integral, then the system i ime i .
(if)  If the input to i ar system is a WSS process, the
output will also be a WSS process.
(iii)  The power spectral densi

are connected by the relation S,y (@) =|H(®)

input and output processes in the system
. where H(w) is the Fourier transform of

xpressed as a convolution of the input X(t) with a system weighting function

9 | h(t). nput-output relationship will be of the form Y (t) = X (t)*h(t) .
Hence, ean of the output process is E[Y(t)] = E[X(t)]*h(t) (i.e) the convolution of the mean
of the input process and the impulse response.
State the relation between input and output of a linear time invariant system. [A/M15] BTL1
The output Y(t) is expressed as a convolution of the input X( ) with a system weighting function
10

h(t). i.e. the input-output relationship will be of the form Y (t jh X (t-u)du .
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What is unit impulse response of a system? Why is it called so? [M/J12, N/D17] BTL5

If a system Y (t jh X (t—u)du, then the system weighting function h(t) is also called unit
11 | impulse response of the system.
It is called so because the response (output) Y (t) will be h(t), when the input X (t)= the unit
impulse function &(t).
Prove that if the input of a system is the unit impulse function then thegoutput is the system
wieghting function. [N/D17] BTL5
12 If the input of a linear system is a Gaussian random process, then the outp il also be a

Gaussian random process.

If the input X(t) of the system Y (t 'fh n, prove

that Y(t)=h(t). BTL5

o0

Given Y (t Jh X (t-u)du

erty of convolution)

15

If {X(t)} and {Y (t)} in the system Y (t jh X (t—u)du are WSS processes, how are their

autocorrelation functions related? [N/D11] BTL4
The autocorrelation functions are related as R, (z) = R, (z) * h(z)
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(or) Ry, (z) = Ry (z) * h(~7) where * denotes convolution.

16

If the input and output of the system Y (t) = jh(u)x (t—u)duare WSS processes, how are

their power spectral densities related? BTL5
The power spectral densities are related as

Syy (@) =Sy, (@) |H () * where H (o) is the Fourier transform of h(t).

17

Define the power transfer function or system function of the system. [

The power transfer function or system function of the system i of the unit

impulse response function of the system.

18

= ji e ' % j(cosa) —isin

Y

C,

in wtdt

dt—i =
>

(0)[since the first integrand is an even function and second

i[sin cow—-0] = sincw
®C cw
sin 2¢
= SYY(CO): Czwzwsxx(a))-

19

Find the system transfer function, if a linear time invariant system has an impulse function

H(t)=

Lo <e
2c . [A/IM11, N/D12] BTL5
0 ;[t]=c
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System transfer function = H (@) = F[H (t)] = [H(t)e”"dt = j% e "t

= Zic _fc(coswt—isin wt)dt = 2_10 :[Ccoswtdt —i %_fcsin wtdt

= 2ic 2 _[cos otdt — i Zic (0) [since the 1% integrand is even and 2™integrand is odd]
0

1[sinwt]” 1 (. sincw
== = —[sinco-0] =
cl o |, woc Cw

20

If the input to a linear time invariant system is white ng
density function of the output? BTL5
If the input to a linear time invariant system is white noise

of the output S, (@) is given by

Svy (a’): Sxx(a’)|H (a)l ‘= Sy (a)) =

where {Y (1)} is the output process and H

p'spectral

ower spectral density

2

is the power er function.

21

A wide sense stationary noi has an autocorrelation function

Ryy (7) = Pe*l  —co<r<oo with P asa constan d its power density spectrum. BTL4

NN (r)e“”’lIPe deierdy

_ Pﬂ[e

e leoswrdr - Pi (0) [since the first integrand is an even function and

— 00

1eoswrdr —i J'e‘S‘f‘ sinwrd z}

second i and is an odd function]
% e ¥ : N
=2P|e*coswrdr =2P|———— (-3coswr+wsin wr
! [Ee )|
1 6P
=2P|0- ~3+0)| = .
{ 9+’ ( )} 9+’
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o]

If X(t) is a WSS process and if Y(t)= jh(u)x(t—u)du then prove that

—00

Ryy (r) = Ryx (z)*h(- 7). [A/M17] BTL5

Given Y(t)= Th(u)X (t—u)du

—00

X(t+ 2V )= [ X(t+o)X (-u)h(u)du
E[X(t+ NV (O] = [EDX(t+)X (t -u)du]

22

0

Ryy (r)= [Ryx (z+u)h(u)du

Putu=-p = du=-dg
When u =—-o0, f =
When u=ow, f=-o

Rxy ()= _foRxx (c-p)h(-5

Define Time invariagtsystem. (Apr/
23 | Lety(t) = Afy(t+h flx(t + h)]then ‘f* is called a time variant system or
X(t) and y(t) form a time invariant system.
Define me

24 of the output

= f[x(t):t <

PART*B

{X (t)} is a WSS process, then the output {Y (t)} is a WSS process. Also find
Ryy (z') /D10,N/D11,N/D12,M/J13,M/J14,A/M15,A/M15,N/D16,N/D16,A/M17] BTL5
Answer:Page: 5.6,5,7-Dr.A. Singaravelu

1 o y(®© = [ h@x(t—wdu (2M)

o Ryy(t,t+ 1) = g@ [ [ h(u)h(uy)du,du, (6M)
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If a system is connected by a convolution integral Y (t)= J'h(u)x(t—u)du where X(t) is the

input and Y(t) is the output then prove that the system is a linear time invariant system.

[A/M17] BTL5
Answer:Page: 5.5-Dr.A. Singaravelu

o y() = a1y, () + ayy, (t) (4M)
e y@©) =y(t+h)

For a linear system with random input x(t), the impulée resp
obtain the cross correlation function R,, (r) and the outpdautocorre

BTL4
Answer:Page: 5.7-Dr.A. Singaravelu

o y(®© = [ hx(t—wdu
e Rxy(t) = Rxx(t) * h(t)
e Ryy(r) = Rxx(t) * h(—t

(3M)
(3M)

Ise response h(t) and output y(t), obtain
trum S,, (w). BTL4

For a linear system with random input x(t), t

the power spectrum and cros ers
r.A. Singarav.

Answer:Page: 5.9

e y(t) (t —wdu (2M)
(4M)
w)l? (2M)

WSS process which is the input to a linear time invariant system with unit
and output Y(t), then prove that S, (o)=|H ()" Sy (w). [N/D1L |,

M/J13,A/M15A/M15 , M/J16,N/D16,A/M17,A/M18] BTL5
Answer:Page: 5.9-Dr.A. Singaravelu

e Rxy(t) = Rxx(t) = h(1) (5M)
* Sy (a)) = Sy (a))H " (a)) (6M)
o Syy(w) = Sxx(w) [H(w)|? (5M)
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If {X(t)} is a WSS process and if Y(t) = f; h(u)x X (t—u)du , prove that

(i) Ryy(z) = Ryx (z)*h(=7)(ii) Ryy (r) = Ryy (z)*h(z) where * denotes convolution
(iii) Syy (@)= Sy (@)H (@) where H*(w) is the complex conjugate of H(w)

(iv) Syy (@) = Sxx (@)|H(e)’. [N/D15,N/D17,N/D17] BTL5
Answer:Page: 5.6,5.9-Dr.A. Singaravelu

e Rxy(t) = Rxx(t) * h(t)
e Sxy(w) = Sxx(w) H(w)
o Syy(w) = Sxx(w) |[Hw)|?

A system has an impulse response function h(t) = e ' u(t)
the output Y (t) corresponding to the input X (t).
[N/D10,1

L5
Answer:Page: 5.23-Dr.A. Singaravelu

o Hw)= [ h(t)e"™tdt M)
o HWI? = — (2M)
o Syy(w) = 32+1W2 Sxx(w) (4M)

(3M)
(3M)

(2Mm)

. . 1 .
s an impulse response given by h(t) = {? ,0<t<T.Express Sy (@) in terms of

Syx (@). [A/IM15,N/D15, M/J16] BTL5
Answer:Page: 5.21-Dr.A. Singaravelu

e Hw) = # [sinwt — i(1 — coswT)] (2m)
o HWI? = 5 sin® () (am)
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o Syy(w) = [HW)|* Sxx(w)

(4M)

1;t>0 .
. Find the spectral

L Given Ryy (7
density of the output Y(t). [Apr/May2019] BTL4

Answer:Page: 1.80-Dr.A. Singaravelu

10

2 _
d |H(W)| - BZ+W2
e Sxx(w) = w7

1
© Syyw) = B2+ W? a2+ w?

= Ae " and h(t)=e ' u(t) where u(t)=
(r)= Ae and h(t)=e ~'u(t) where u(t) {O;otherwis

(2M)

1

2a

2a

stem whose impulse function is

11

LA random process X (t) is the input to a linea
h(t)=2e ';t>0. The autocorrelati jon of the p
power spectral density of the output’process
Answer:Page: 5.26-Dr.A. Singaravelu

is Ry, (z)=e?". Find the

(t). [M/J13,M0v/Dec2019] BTL4

(2Mm)

4
IHW)I? = —

/ (3M)
(3M)

t process Y (t). [A/M15,A/M18] BTL4

r.A. Singaravelu

5/QB+Keys/Ver3.0
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4
12 ¢ w2z (2M)

4

o Sxx(w) = T (3M)

o Syyw)= —— (3m)

YYW) = rsDm2r 4
13 | X (t) is the input voltage to a circuit (system) and Y (t) is the output voltage. {X (t)} is a
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stationary random process with x, =0 and Ry, (r)=e “". Find 4, , S, () and Ry, (¢) if

the power transfer function is H (@) = [N/D13, M/J14,A/IM17,N/D17] BTL4

+i '
Answer:Page: 5.16-Dr.A. Singaravelu ’
o Sxx(w) = ﬁ (4M)
e E(y)=0 (2M)
e Syy(w) = (aziawz) .szzwz (5M)
o Ry = 2 ool 4 £ (1)

. Consider a White Gaussian noise of zero mea

low pass RC filter whose transfer function H(f)= . Find the autocorrelation

function of the output random o find the
process. [Nov/Dec2019] BTL4

Answer:Page: 5.32-Dr.A. Singaravelu

square value of the output

14
(3M)

(3M)

(2M)

n of the output process. [A/M10, M/J16] BTL4
r.A. Singaravelu

NO

- (2M)

NO

- (3M)
__ NOsin (wor) (3M)

27T

16 | If X (t) is the input voltage to a circuit and Y (t) is the output voltage. {X (t)} is a stationary
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~2||

random process with z, =0and R, (z)=e>". Find the mean ., and power spectrum

S, (@) of the output if the system transfer function is given by H(a))z T
@

[N/D10,Nov/Dec2019] BTL4
Answer:Page: 5.16-Dr.A. Singaravelu

e E(y)=0 (1M)
o Sxx(w) = w;:-4 (3M)
o SyyWw) = o (4M)

17

A linear system is described by the impulse re . Assume an input

process whose autocorrelation is B&(z). Find the and autocorrelation function of the

output process. [A/M11,N/D14,A/M17] BTL4
Answer:Page: 5.33-Dr.A. Singarave

. HWP= M)
o Ely®]=0 (am)
o« Syyw) = y: / (2M)

-0 < T < o (3M)

ite noise centered at a carrier frequency m, such that

. Find the autocorrelation of {N (t)}. [A/M11, M/J12] BTL4

i [Z 8NN (w).e™® dw (2M)

« RNN(r) = 227 (Sifv‘;’f’) cos(WBT) (6M)
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